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Prior knowledge check

Mixed exercise

1 Simplify:

a P x )’ b 3x2x 2x° ¢ (4x2)3 = 2x° d 4H% x 3h* x b*

2 Expand and simplify if possible:
a (x+3)(x=5) b 2x=7)3x+1) ¢ 2x+5)(3x-y+2)
3 Expand and simplify if possible:

a x(x+4)(x-1) b (x+2)(x=3)x+7) ¢ 2x+3)(x=2)3x-1)

4 Expand the brackets:

a 35y+4) b 3xX3-5x+2xY) ¢ 5x(2x+3)-2x(1-3x) d 3x%(1 + 3x) = 2x(3x =2)

5 Factorise these expressions completely:

a 3x?+4x b 4y + 10y ¢ X2+ xy+x)? d 8xp? + 10x2%y

6 Factorise:

a x>+ 3x+2 b 3x2 + 6x ¢ X2 -2x-35 d 2x2-x-3

e 5x2—-13x-6 f 6-5x—x2
7 Factorise:

a 233+ 6x b x3-36x ¢ 2x+ 7x* - 15x
8 Simplify:

a 9x?+3x73 b (42): ¢ 3x2x 2 d 3x5+6x3
9 Evaluate:

8\ 225\}

3 (ﬁ) b (289)
10 Simplify:

a i_ b V20 +2/45 - /80

V63

11 a Find the value of 35x? + 2x — 48 when x = 25.

b By factorising the expression, show that your answer to part a can be written as the product
of two prime factors.

12

13

14

15

@

16

17

18

19

® oo B

® 2

® 2
@P) 23
24

Expand and simplify if possible:

a V2(3+V5) b 2-V5)(5+V3) ¢ (6-V2)4-/T)

Rationalise the denominator and simplify:

1 1 3 V23 -/37 1 1
a — b = C = — p— e = f T
V3 V2 -1 v3i-=-2 V23 +/37 (2+v’3)2 (4—v‘7)“

a Given that x* — x> — 17x — 15 = (x + 3)(x*> + bx + ¢), where b and ¢ are constants, work out
the values of b and c.

b Hence, fully factorise x* — x* — 17x = 15.

Given that y = éx-‘ express each of the following in the form kx”, where k and n are constants.
(1 mark)
(1 mark)

a yt
b 4y-!

Show that ﬁ can be written in the form va +vb, where a and b are integers. (5 marks)
N

—

Expand and simplify (/11 - 5)(5 - V11). (2 marks)
Factorise completely x — 64x3. (3 marks)
Express 272+ ! in the form 3, stating y in terms of x. (2 marks)
; = _ 8x
Solve the equation 8 + xv12 = A
/
Give your answer in the form /b where a and b are integers. (4 marks)
A rectangle has a length of (1 +3)cm and area of V12 cm?,
Calculate the width of the rectangle in cm.
Express your answer in the form a + /3, where a and b are integers to be found.
-/ _ 5 )
Show that — can be written as 4x = — 4 + x°. (2 marks)
VX
Given that 2433 = 3¢ find the value of a. (3 marks)
. 4x3 + x7 . . Cp—
Given that ———— can be written in the form 4x¢ + x, write down the value of a
VX
and the value of b. (2 marks)

Challenge

b

Simplify (Va +Vb)(/a - Vb).

Henceshowthat_l,__+ _1 + - +.+ . =74
VI+VZ VZ+V3 V3+Vh V2h + 25
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Prior knowledge check

Problem solving BS54

a Simplify V147 — 75 giving your answer in the form a3, where a is an integer. (2 marks)
2442
V147 -~75

giving your answer in the form bV6, where b is
(2 marks)

b Hence. or otherwise, simplify
an inleger.

a Expand and simplify (11 + 35 +1) giving your answer in the form a + b\/5, where a
and b are integers. (2 marks)

M giving your answer in the form ¢ + d\3, where ¢ and
5-1 (2 marks)

b Hence, or otherwise. simplify
d are integers.

N3 -4
S=aB

numbers, (4 marks)

Simplify giving your answer in the form p\'3 — ¢, where p and ¢ are positive rational

Problem solving BT}

Bronze
a Express 42 in the form 2, stating y in terms of x. (2 marks)
b Hence, or otherwise. solve the equation 4#+* = 32. (2 marks)

a Rewrite the equation (4-1)2 — 6(4<-1) + 8 = 0 in the form 2+ by + ¢ = 0, where y = 4*-! and
b and ¢ are constants to be found. (1 mark)

b Factorise your equation from part a and hence, or otherwise, solve for x. You must show
each step of your working. (3 marks)

Solve the following equation, showing each step of your working:
(9512 —30(9* ) + 81 =0 (5 marks)

| ITAg% 1, [TH) — Exam question bank Q1, Q2, Q4, Q24, Q36, Q46, Q64

AS 2020

3. In this question you must show all stages of your working,.
Solutions relying on calculator technology are not acceptable.

(i) Solve the equation
X2 - 18 =x

writing the answer as a surd in simplest form.

(3)

(ii) Solve the equation

&)
AS 2021

2. In this question you should show all stages of your working.

Solutions relying on calculator technology are not acceptable.
Given

gx—l

3_r+2 =81

express v in terms of x, writing your answer in simplest form.

3
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Prior knowledge check

@D Completing the square

1 Complete the square for these expressions: m "
TN et 0
X +bx—(x+§) (7)

a x¥+2x b x*-8x
¢ x?-12x

2 lete the square for thes ssions:
Complete the square for these expressions m R e
a x?=8x+12 b x2-x-12 completed square form, x only appears

¢ x2-3x-4 once. The constants in your answer do not
have to be integers.

3 Write each of these expressions in the form
a(x + b)* + ¢, where a, b and ¢ are constants to
be found:

a 3xi-12x+17

4 Solve these quadratic equations bzi' f-ompletmg the @ Write the left-hand side of each
square. Leﬂve YOur answers 1m surd rorm. equation in (Ompleted square form. Then

a x2-2x-10=0 b 5x*+12x+6=0 use inverse operations to make x the
subject of the equation. Remember to

¢ 3Ix1-Tx-2=0 2
include + when you take square roots of

@ Start by factorising the first two
terms of each expression.

b 5x2-10x+12 ¢ 3x?-Tx+2

. both sides of the equation.
@ 5 f(x)=x*-7Tx-2.xeR
a Express f(x) in the form (x — @)? — b, where « and b are constants. (2 marks)
b Hence write down the minimum value of f(x). (1 mark)

@ 6 h(x)=4-2x-3x% xeR

a Express h(x) in the form a(x + b)* + ¢, where @, b and ¢ are constants. (2 marks)

b Hence, or otherwise, find the exact solutions to h(x) = 0. (2 marks)

@ 7 6x-2-x*=g-(x+p)? where p and ¢ are integers.

a Find the value of p and the value of ¢. (3 marks)

b Hence, or otherwise, solve the equation 6x —2 — x?=0. (2 marks)

&P) 6 4x2+8x-5_2x+5

Algebraic fractions

1 Simplify these fractions:

6x% + 8x? —4x? p 12x- 24x%*+9x?
2x 3o

8xf —4x5 +2x*
-2x?

m Divide each term in the numerator by

" the denominator.

2 Write each of these fractions in their simplest form: m R e

a x-9 b x2=3x+2 factorise the numerator and denominator
x=3 x=2 where possible and cancel common factors.
2x*+5x -3
c _—_———
x+3
3 Write each of these fractions in their simplest form:
2x2-3x-2 p 3x2tx-2 6x*+11x-10
xP+x-6 2x?+ 5x+3 2x?=3x-20
@ 4 Show that 15x_—716x—_15 can be written in the form 4 + —B-, where 4 and B are integers to be
3x2-5x x
found. (3 marks)
(E/P) 5 X =2x+k _X=5 ypore ks a constant. Work out the value of k. (3 marks)

x*4+2x-3 x-1

e Ttk 3x—2 where k is a constant. Work out the value of k. (4 marks)

6x° - 2x?—4x bx+c
i e b ), where a, b, ¢, p and g are constants,

2x2=Tx+5 px+gq
Work out the values of a, b, ¢, p and g. (5 marks)
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Prior knowledge check

m Solving quadratic equations

1

Solve the following equations using factorisation:

b x?=-5x-24=0

m The factorised quadratic

equation (x — a)(x — b) = 0 will have
solutions x =g and x=b.

a x*+7x+10=0
e x2+6x=0

Solve the following equations using factorisation:

a Tx*=2lx b 4x*=49

m Write the equation in the form
ax?+bx + ¢ = 0 before factorising.

Solutions to gquadratic equations do
not have to be integers.

¢ 4x*—-20x+25=0 d 2x*-35x+2=0

Solve the following equations:
a(x—42=0 b x@x-D=21

¢ 4x*+4x+24=2x"-10x

m A quadratic equation may have
only one solution, called a repeated root:
IFx—a)*=0thenx=a.

@ The solutions to ax2+bx +¢c=0
are given by x = —2EYb? = 4ac
Give your answers exactly, leaving them in surd [orm. 2a

¢ 2x-12x+15=0

Solve the following equations using the quadratic
formula.

a x’+8x4+6=0 b x*+4x=1

Solve the following equations using a suitable method.
Where necessary, give vour answers to 3 significant figures:

a [0x—x?-9=0 b 64x%= 100 ¢ 3x2+10x-25=0
d 12x=3x%+5 e x=V3x f 2x2+6x+1=0

® 6

® 7

E® o

The length of a rectangular carpet is (2x + 3) metres and its

width is (3x — 5) metres. (3x-5m

The carpet has an area of 20 m2

(2x+3)m

a Show that 6x*—x—-35=0. (2 marks)

b Hence find the length and width of the carpet, in metres. (2 mar

Solve the equation x* + 4x + 1 = 0. Write your answer in the form a = \b, where a and b are
integers to be found. (2 mar

Solve the equation 0.1x? + 1.6x = 0.8. Give your answers to 3 significant figures. (2 mar
The height, /» metres, of a ball at time 7 seconds after it is thrown

i h=15+12r-4r
up in the air can be modelled by the equation 4 = 1.5 + 127 — 4¢%.

a Find how many seconds it takes for the ball to hit the ground
again. Give your answer correct to 3 significant figures. (2 marks)

b Find the times when the height of the ball is 9.5 m. (2 marks)

ks)

ks)
ks)

2

o Vit
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1.5 Solving Quadratic Equations (including hidden quadratics)

A hidden quadratic expression is one of the form

al f(X))*+b[f(x) ] +c

where f(x) is some function of x and a, b and c are constants

x*—13x% + 36 x —13y/x + 36
can be written as can be written as
(x%)? —13(x?) + 36 (Vx)? —13(/x) + 36
So f(x) = x? So f(x) =X

We can use index Recall that

(Vx)? = Vxxyx = x

laws to rewrite x*
as (x2)2
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Notes

. 2x __ X
Factorise x% — 13x2 + 36 Factorise 4X3 11x3 3
- Using the substitution y = 3*
Using the SuhbStI:t:ctlion y j X we can rewrite the hidden quadratic as:
we can rewrite the hidden quadratic as:
a 4y2—11y—3
y2—13y + 36 Recall, we need

two factors of We can now factorise by splitting the middle term:
+ 36 that sum to

We can now factorise: —13 4y2 — 12}’ ' y — 3 Since

axc = 4x—-3 = —12,

=909 = -3 +10-3) |
=@y + D0 -3
Finally, we can write the factorised ( y+ )(y ) ese are —12 and +1

expression in terms of x: Finally, we can write the factorised
expression in terms of x:

4x3%% —11%3* — 3 = (4x3* + 1)(3* — 3)

x*—13x2+36 = (x2 —9)(x* — 4)
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Worked Example

Solve the equations
a) 2x—3yx=35
b) 4y =12x+ 27

Dr Frost 485b
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Worked Example

Solve the equations
a) 2 x 2%l =_15 x 2*¥ +4

b) 8 xXx4*—-9 x 2*+1=0

Dr Frost 485d and 485e
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Fill in the Gaps

Substitution | Quadratic in terms Factorise and Solve Solutions to Hidden
SRS N y=-- ofy Quadratic Quadratic
2 2
4 _ g2 _ .2 2 _ _ y=-4y-2)=0 X=4x°=2
x*—6x2+8=0 y=x y'—6y+8=0 y=4y=2 x=12,x=1V2
a®—28a*+27=0 y=a3

b+vb—-12=0

22X —5x2%44=0

4w* —13w2 +9=0

9x32-82%x3249=0

6t7/3—5t73—4=0
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Fill in the Gaps

Original Equation in x Substitution Quadraticin y Solutions for y Solutions for x
*—10x"+21m8 y=x Y -10y+21=0 y=7y=3 x = 4V7,4V3
x*=7x*+8 y=x’ y=8y=-1
x=3fx-10=0 x=25x=4
2% - 6x2*+8=0 y=2*
Vx + _ =2
X —
Vx
9T -28x3*+27=0
B 2
xVx-13x3+36=0 y=2x3

20
X 4+9%x+—=0
x

R
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Fluency Practice

1

Identify a suitable substitution of
the form y = f(x) for each of these
hidden quadratic expressions:

x®—6x>+8
x+5Vx + 4

2x1° —9x5 +10
(3%)2 +8(3%) + 7
4x2%% — 33%x2* + 8

2(x —3)’+5(x—-3)+3

Factorise fully:

(7] a* —9a2 + 20
() 32x—ax3r—21
() 248 + 1143 + 15

() s@x-72-3@x-7)-2

10X42% — 7x4% + 1

n Solve: —

B w-1wrr1s-0 [T

() x-9vx+20=0
26 — 2823 +27 = 0
() 4a*-17a2+4=0
a 6t+5Vt—4=0
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Fluency Practice

B (ocr c1 June 2006 qsil B (ocr c1 san 2008 Q10ii]
Solve the equation x* — 10x2 + 25 =0 Given that f(x) = 8x% + ia, solve the
x

S comon 0 - -
B [ocr c1 June 2010 Q5] —

Find the real roots of the equation

4x* +3x2-1=0
— [WJEC AS Level June 2018 Unit 1 Q17c]

Express 4* — 10x2* in terms of y,
Solve: where y = 2*. Hence solve the

equation 4* — 10x2* = —-16
0 -sevs-o KN
D -owsa-o [N
B -vxerrio=0 [ ) sove

9x9% — 28X3* +3 = 0 “

) [0cr A2 June 2018 P1 Q3] 0 - 171527 480
Find the two real roots of the equation

x* — 5 = 4x? Give the roots in an exact form. _
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Fluency Practice
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Exam Q AS 2019

2. Find, using algebra, all real solutions to the equation

(i) 16a>=2a

(1) b*+76°-18=0

4)

4)
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Your Turn

Find, using algebra, all real solutions to the equation

a*—2a*>—-80=0

(4)
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1.6 Quadratic Graphs

Determine the equation of a quadratic function from its graph only

There are some key features of quadratic graphs that we can use if

we want to sketch a quadratic rather than plot it.

[:] The shape of
the graph -
uorn

n Where the

graph crosses the
y-axis

[3 Where the

graph crosses the
x-axis

H_
==l =8
\;{
¥

E] The line of

symmetry of the
graph

L The turning
point of the
graph

(0,18)

(1,0) (6,0)

Start by considering where the

graph crosses the x-axis:

x=6andx =1

So, the factorised equation
must be:

y=a(x—6)(x—1)

To find the value of a, we use the

coordinate where the graph crosses
the y-axis:

y=a(x?—7x+6)

When x =0,y = 18
18 = ax6
a=3

y =3(x%?—-7x+6)

y=3x*-21x+18
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Forms of Quadratic Graphs

Standard Form
y=az’ +bx+c
a positive: oriented upwards like U.

a negative: oriented downwards like
n.

The y-intercept is c.

Calculate the discriminant
b — dac.

Discriminant positive: two x-
intercepts.

Discriminant zero: one x-intercept.

Discriminant negative: no x-
intercepts.

Calculate using quadratic formula

b+ Vb dac
B 2a

The x-coordinate of the vertex is
zT=—2
e

The y-coordinate is found by
substituting this value of Z into the
quadratic.

Converting to standard form from
other forms: expand.

y=alz—g)+h
a positive: oriented upwards like U.

a negative: oriented downwards like
n.

The y-intercept is found by
substituting £ = Ointo

y:a(::—g)2+h.

If h is positive and a is positive: no
x-intercepts.

If h is positive and a is negative: two
x-intercepts.

If h is zero: one x-intercept.

If h is negative and a is negative: no
x-intercepts.

If h is negative and a is positive: two
x-intercepts.

Solve the equation
a(z— g +h=0.

The vertex is (g, h).

Converting to vertex form from
standard form: complete the square.

Vertex Form Factorised Form

y=a(z—r)(z—s)
a positive: oriented upwards like U.

a negative: oriented downwards like
n.

The y-intercept is found by
substituting £ = Qinto

y=a(z—r)(z— s).

If r = s: one x-intercept.
If 7 # s: two x-intercepts.

(If there are no x-intercepts it cannot
be written in this form.)

Rootsarexz =randx = s.

The x-coordinate of the vertex is
halfway between the two roots, at

__ris
T="7.

The y-coordinate is found by
substituting this value of Z into the
quadratic.

Converting to to factorised form
from standard form: factorise.
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Worked Example

Determine the equation of this quadratic graph, in the form y = ax? + bx + c.

y
'y

Dr Frost 368s
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Worked Example

Determine the equation of this quadratic graph, in the form y = ax? + bx + ¢, where a, b, ¢ are integers.
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Fluency Practice

Find the equations of the quadratics from their sketches. n Given the sketch of the quadratic, find the equation of the line

of symmetry and the coordinates of the turning point.
8 b y
(0,6)
X
(-1,0) (4,0)
X
(3,0)

8 - (5] y
(—6,0) (12,0)
X
(2,0) (0,—8) (0,-12)

0.7)
X
(1,0)"(7,0)

[AQA IGCSE FM Practice Paper Set 1 P2 Q15] A
L8 The graph of a quadratic function passes through the point (—8,0)

The diagram shows a quadratic graph that and has a turning point at (—2,18).
intersects the x-axis when x = % and x = 5. Find the equation of the quadratic graph.
Work out the equation of the graph.

N =
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Worked Example

The graph of y = ax? + bx + ¢ has a minimum at (3, —5) and passes through (4, 0). Find the values of a, b and ¢
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Fluency Practice

£ £
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Exam Q

A2 2021 Paper 1 Quadratics

2. Given that
f(x)=x*—4x+5 xelR

(a) express f(x) in the form (x + a)* + b where a and b are integers to be found.

(2)

The curve with equation y = f(x)
* meets the y-axis at the point P

* has a minimum turning point at the point O
(b) Write down
(i) the coordinates of P

(i1) the coordinates of O

2)

Page 57




Your Turn

Given that
f(x)=x2—6x+7 xXER
(a) express f (x) in the form (x + a)* + b where a and b are integers to be found.
(2)
The curve with equation y = f (x)
e meets the y-axis at the point P
e has a minimum turning point at the point Q
(b) Write down
(1) the coordinates of P
(11) the coordinates of Q
(2)

(Total for Question 2 is 4 marks)
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1.7 Discriminant

ax’+bx+c=0

The term ‘root’ refers

— A= to a solution of an
x = b i b 4ac equation in the form
2a f(x) =0, i.e. when

one side of the
equation is 0.

Reflecting on the quadratic formula you just used, what part
of the formula do you think distinguishes between when we
have 0 real roots, 1 distinct real root and 2 distinct real roots?

. t/O e R /El

When this was
negative, we couldn’t

When this was positive,
adding or subtracting
the square root gave

different, i.e. distinct,

solutions.

When this was zero,
adding or subtracting
had no effect, so the
solution was the same.

square root it, so there
were no real solutions.

# The discriminant A = b? — 4ac of a quadratic equation
ax? + bx + ¢ = 0 allows us to ‘discriminate’ between the
different number of roots/solutions:

Distinct real roots
Equal roots

/

A is capital delta in the Greek alphabet.
It is unrelatedly also used to mean
‘change in’, e.g. within the formula for
gradient:
Ay
iy
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Questions

Tip: Writeouta = ++-,b = -+, c = --- explicitly 2
before calculating the discriminant. A =b* —4ac

\
Number of distinct
real roots

x24+3x+4=0

x2—4x+1=0

x2—4x+4=0

2x2—6x—3=0

x—4—-3x%2=0

1—-x%2=0
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Quadratic Graphs and the Discriminant

When solving ax? + bx + ¢ = 0, the solutions
correspond to the x-intercepts/roots of
the graph y = ax? + bx + ¢

Graph does not
Cross x-axis

y y
4 4 root
X
X
» X
/! "
root root
2 distinct real roots so: 1 distinct root so:

A>0 A=20

0 real roots so:

A<O

> X
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Using the Discriminant for Points of Intersection

If a line is tangent to a curve, then there will be 1 point

How would you normally determine of intersection, and therefore 1 distinct root to the
the points at which two lines, with equation obtained by substitution.

given equations, intersect?

the solutions to the system of equations:

The points of intersection correspond to \

b? —4ac=0

Similarly, if the line never meets the curve, then the

b? —4ac< 0

We could solve this by substitution:

The number of solutions to this equation
therefore corresponds to the number of
points of intersection.

We can use the discriminant to determine

this.

2x2—x=1
How many solutions would
equation obtained by

substitution of this line
and curve?

you expect there be to the

— x2
y=x
2y—x=1 O equation obtained by substitution will have no real roots.

There will be 2 points of
intersection, and therefore
2 distinct roots.

b? —4ac >0
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Notes
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Fill in the Gaps

yz— s | 9
o ar o
601 L |5 | 0=€—xL+ xS
e o
11— 8 | 6-
b 8 | 1
1 v | s
0 = XZ — ;%6
0= Xg—X—91
0=5+,%9
0=¥+Xp+,x
S | z—| £ | 0=5+xz—,x¢
enoml | ExTXE— s | E| S| 1| o=gtxstex
e oo jJuBUIWLIDSI 2 q D | uonenb3 onespend

JO 4njeN

Page 74



Worked Example

Calculate the discriminant and, hence, identify which figure represents the graph with equation y = —4x2 + 6x + 7
Figure 1 Figure 3
\ / .
y&’ y|*
Figure 2 Figure 4

\ /y}f’ ]

N\ .

Dr Frost 492c
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Your Turn

Calculate the discriminant and, hence, identify which figure represents the graph with equation y = —2x% — 5x — 6
Figure 1 Figure 3
A A
y y
X
/ \x 7 \ >
Figure 2 Figure 4
A A
y Y- -
> X
X

Dr Frost 492c
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Fluency Practice

0=1=Xt+XT 0=00£+X09+ X¢ 0=p+X9+ X 0=9-Xp+ X7~
0=01+%9+ X O0=p+Xp+ X 0=81+XT1- AT 0=pvI-X01+ XT
0=9+Xg= X 0=01-XT1+ ;X9 0=1+XT-X 0=v-X6+ XT~
0=T=X+ X= 0=T4+Xxg~ X= 0=T1+XL+ X 0=1[=Xg+ X
0=8CT—- X 0=p+XT+ X 0=9-XL+ X¢ 0=9[+x8- X
SIXE-X Y]] $S0JD 10
yono) you saop ydein
0>y~ g
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atp sayonoy 1snf ydean
0=~ uﬂ
sasuopnf (s3o0s
sdpmpp 11 uay) joos auo lespuapl z)
sy uoyvnba syviponb ay; J1 JO0.i jeal
U0 SeH
STX®
-X 21 sass01d ydein
0<wp- g
$}004
Juaiajjip
pue jeal
OM]) SelH
asuojoe} (saabajul y3m)
Jou saoqQg sasliojoe4
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Fluency Practice

—

ozb'd pue _3b'd

0=,d+xbdg- x b 0= ,d- xb

0=bd +x(b+d)- x

p0=bhd -x(b-d)+ x

0=,d- xb 0= db+xbd7+ xb

0=bd +x(b+d)+ x

0= ,d+xd7+ x

0=_d+ xb 0= d+xdz- x 0=_4d+ x

0= d- x

saspopnf 42a2u
1 U2y} S§)004 ad ou SOY
uonyonba >yviponb ay} [1

STXB-X U} SSOI 10
yono) you saop ydein

0>o0p- 4

$3)004
|ea1 ou seH

sasuopf
sApmpp 31 uay) J004 auo
soy uoyvnba oyviponb ayy J1

SIXR-X
aip sayono) 1snf ydern

0=Pp- q

(s3oos
jeopuap) Z)
JO0. |jeal

asuojoe;}
jou saoq

sasuojoey

SIX®
=X ) sass0a0 ydein

0<Pp-q

$3)001

juaiapjip
pue jeai
OM} SEH
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Worked Example

The straight line with equation y = 7px + 9p touches the curve with equation y = 6px? — x + 3, where p is a constant. Find
the set of possible values of p

Dr Frost 492i
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Worked Example

Prove that the function f(x) = 4x2 + (k + 8)x — k has two distinct real roots for all values of k

page 92 T. 322G Qs 2+, P11 2.5 Qs 4+




Extension

[MAT 2009 1C] [MAT 2006 1B] ") [MAT 2011 1B]
Given a real constant c, the The equation A rectangle has perimeter
equation 2+x—x%)?=16 P and area A. The values
x* = (x = ¢)? has how many real P and A must satisfy:
Has four real solutions (including root(s)? A) PP>A
possible repeated roots) for: B) A2>2P+1
A) c<t C) P2>164A
1t D) PASA+P
B) == < i < N
C) c< =3

D) all values of ¢
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1.8 Modelling with Quadratics
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Worked Example

A spear is thrown over level ground from the top of a tower.

The height, in metres, of the spear above the ground after t seconds is modelled by the function: h(t) = 1.65 + 24.5t — 4.9t?,

t=>0

a) Interpret the meaning of the constant term 12.25 in the model.

b) After how many seconds does the spear hit the ground?

c) Write h(t) in the form A — B(t — C)?, where A4, B and C are constants to be found.

d) Using your answer to part c or otherwise, find the maximum height of the spear above the ground, and the time at which
this maximum height is reached?

Page 97 1.342H Qs all, P11 2.6 Qs all




Exam Q

A2 2021 Paper 1

A

o

Figure 3
“igure 3 is a graph of the trajectory of a golf ball after the ball has been hit until it first
1ts the ground.

The vertical height, / metres, of the ball above the ground has been plotted against the
r1orizontal distance travelled, x metres, measured from where the ball was hit.

T'he ball is modelled as a particle travelling in a vertical plane above horizontal ground.
Siven that the ball

* is hit from a point on the top of a platform of vertical height 3 m above the ground
» reaches its maximum vertical height after travelling a horizontal distance of 90 m

* is at a vertical height of 27 m above the ground after travelling a horizontal
distance of 120m

s1ven also that / is modelled as a quadratic function in x

a) find H in terms of x

(5)
b) Hence find, according to the model,
(1) the maximum vertical height of the ball above the ground,
(i) the horizontal distance travelled by the ball, from when it was hit to when it first
hits the ground, giving your answer to the nearest metre.
3)
c¢) The possible effects of wind or air resistance are two limitations of the model.
Give one other limitation of this model,
(n
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Your Turn

2
ol

Figure 3

Figure 3 is a graph of the trajectory of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, H metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
Given that the ball
e s hit from a point on the top of a platform of vertical height 2 m above the ground
e reaches its maximum vertical height after travelling a horizontal distance of 100 m

e isata vertical height of 34 m above the ground after travelling a horizontal
distance of 160 m

Given also that H is modelled as a quadratic function in x

(@) find H in terms of x

()
(b) Hence find, according to the model,
(i) the maximum vertical height of the ball above the ground,
(i1) the horizontal distance travelled by the ball, from when it was hit to when it first
hits the ground, giving your answer to the nearest metre.
3
(¢) The possible effects of wind or air resistance are two limitations of the model.
Give one other limitation of this model.
(1)

(Total for Question 12 is 9 marks)
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Summary

To solve a quadratic equation by factorising:

« Write the equation in the formax? + bx + ¢ =0

« Factorise the left-hand side

« Set each factor equal to zero and solve to find the value(s) of x

The solutions of the equation ax? + bx + ¢ = 0 where a # 0 are given by the formula:
oy —b £ Vb? - bac

2a
X2+ bx = (_\. /. g)z K (g)z

The set of possible inputs for a function is called the domain.
The set of possible outputs of a function is called the range.

The roots of a function are the values of x for which f(x) = 0.

You can find the coordinates of a turning point of a quadratic graph by completing the
square. If f(x) = a(x + p)? + ¢, the graph of y = f(x) has a turning point at (-p, ¢).

For the quadratic function f(x) = ax? + bx + ¢ = 0, the expression h? — 4ac is called the
discriminant. The value of the discriminant shows how many roots f(x) has:

o If b —4ac > 0 then a quadratic function has two distinct real roots.

o If b — 4ac = 0 then a quadratic function has one repeated real root.

o If b? —4ac < 0 then a quadratic function has no real roots.

Quadratics can be used to model real-life situations.

Page 104 T.35 mixed ex, P.14 BSG




1.9 Simultaneous Equations (linear, quadratic and graphical)
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Prior knowledge check

m Linear simultaneous equations

1

E) 4

Solve these simultaneous equations by elimination:

ab6x+y=9 b 2x+3y=38
4dx—y=11 3Ix+2y=17
¢ dx-3y=2
Sx=Ty=9

Solve these simultaneous equations by substitution:

a Sx-2y=3 b 2x+ 5y=37
x+4p=5 y=11-2x
¢ 4x+3p=95
2x—-6y=-5

Solve these simultaneous equations:
a3(x-y)+6=0 b 5(x-1)=-2y
y+x=8 Ix-20=4y

e Bren

Solve the simultaneous equations
x+y=2
2y=18x-6

@ 5 Solve the simultaneous equations

Ix-y=-5
0.5r+2x=4
giving your answers in exact form.

6 6ky+9x=12

ky-x=4.5

are simultaneous equations where k is a constant.
a Show that x = —1.

b Given that y = 7, find the value of k.

4x+6y=10
2x=5-3y

m Either the x- or y-coefficients

m Quadratic simultaneous equations

1 Solve the simultaneous equations:

in the pair of equations need to have
the same value.

You can then add or subtract the
equations to eliminate one variable
and solve for the other.

You need to find the value of both
variables.

m Rearrange one equation to

make x or y the subject and then
substitute this expression into the
other equation and solve.

@ Rearrange the equations into
the form ax + by = ¢, where a, b and

¢ are constants, and then solve using
either elimination or substitution.

(2 marks)

(2 marks)

(2 marks)
(1 mark)

Two students are attempting to solve the simultancous equations

Ben says that these equations have no solutions, and Nisha says that they have infinitely many

solutions. Who is correct? Explain your answer.

(2 marks)

® 4

® s

@®s

m A quadratic equation can contain

a xy=64 terms involving xy, x*and y2

4x -y=60

b xX*+ =10
x+y=4 Rearrange the linear equation to make x or
¢ sy b » the subject, then substitute this expression
= B into the quadratic equation and solve.
3x1-4y=0
Solve the simultaneous equations: m E2eh 3t oF equations U AevE ho

ay-x*+3x+2=0 b x*+2x-y=14 pairs of solutions.

y=-2x+6=0 y+2=x You need to identify the solutions and pair
2 them up correctly.
c x4+ )y?=5 P i
y=5-3x

Solve these simultaneous equations, giving your answers to 2 decimal places:
b 2x-xy+)y'=8§
x4y ]

aldx-T=y ¢ y¥-5x=20

x"—3.\'—2=2y 4x—7=y

Solve the simultaneous equations

x+y=4
4 - xt=12 (4 marks)
Solve the simultaneous equations
Y+2x+1=0
P +3x3+2x=0 (4 marks)

mx-y-2=0
X -2x+y -4y=4

where m is a real constant.

Given that these simultaneous equations have exactly one pair of solutions, find the two

possible values of m, giving your answers in exact form. (7 marks)
The values of x and y satisfy the simultaneous equations
y=-2x=8

x2+2ky+4k=0
where k is a non-zero constant.
a Show that x? + 4kx + 20k = 0. (2 marks)
b Given that x> + 4kx + 20k = 0 has equal roots, find the value of k. (3 marks)
¢ For the value of & found in part b, solve the simultaneous equations. (3 marks)
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Worked example

Your turn

Solve:
y=2x+5
y=x%*+5x+1

|' /
/4
&
|

',
71

Page

Solve:
y=2x—3
y=x*+x-75

l |
\ /
\ [
\ /
\ | /
\ [/
\ | /
\ |/
\ 2 ——
\ [ /
)‘ “ /
\ ‘.‘/
\ J/
\ {
\ /]
\ /1l
\ ’/’ /
4 \ 2 0 /| | 2 4
\ |
\ / ‘f
\ f
\ / /
l\ { F/
\ /
\ /
‘\ 1 -2
\",
\

145:3CQs1-4,P18:3.3allQs 1-4
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Worked Example

Prove algebraically, and show graphically, that the lines never meet:
y=3x—3
y=x%*+5x+4

T.45:3CQs 5-7,P18:3.3all Qs 5-6
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Worked Example

The line with equation y = 3x + 4 meets the curve with equation

kx? + 2y + (k — 8) = 0 at exactly one point. Given that k is a positive constant:
a) Find the value of k.

b) For this value of k, find the coordinates of this point of intersection.

T.45:3CQs 8+, P18:3.3all Qs 7+
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1.10 Inequalities (linear, quadratic and graphical, including set notation)

Recall that a set is a collection of values such that:
a) The order of values does not matter.
b) There are no duplicates.

Recap from GCSE:

We use curly braces to list the values in a set, e.g. A = {1,4,6,7}

If A and B are sets then A N B is the intersection of A and B, giving a set which has the
elementsin A and B.

A U B is the union of 4 and B, giving a set which has the elementsin A orin B.

@ is the empty set, i.e. the set with nothing in it.

Sets can also be infinitely large. N is the set of natural numbers (all positive integers), Z is the
set of all integers (including negative numbers and 0) and R is the set of all real numbers
(including all possible decimals).

We write x € A to mean “x is a member of the set A”. So x € R would mean “x is a real
number”.

{1,2,3}n {3,4,5} = {3}
{1,2,3}u{3,4,5} =1{1,2,3,4,5}
{1,2} n {3,4} =0
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Set Builder Notation

It is possible to construct sets without having to

explicitly list its values. We use:
/ The | or: means “such that”.

{expr | condition }
or {expr : condition }

Can you guess what sets the following give?

(In words “All numbers 2x such that x is an integer)

/

(2x:x €7} ={0,2,-2,4,—4,6,—6,..} e
{2% : x € N} = {2,4,8,16,32, ...}
{xy: x’y are prime} — {4,6,10,14,15, } i.e. All possible products

of two primes.

We previously talked about ‘solutions sets’, so set builder notation is
very useful for specifying the set of solutions!
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Examples

All odd numbers.

All (real) numbers
greater than 5.

All (real) numbers less
than 5 or greater than 7.

All (real) numbers

between 5 and 7 inclusive.

2x+1: x€Z}

{x: x> 5}

Technically it should be {x: x > 5,x € R} but
the x > 5 by default implies real numbers
greater than 5.

x: x<5}u{x:x>7}

We combine the two sets together.

{x: 5<x<7}

While we could technically write
{x:x = 5} n{x:x < 7}, we tend to write multiple
required conditions within the same set.
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Notes
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Fill in the blanks
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Worked Example

Use set notation to describe the set of values for which:
109x +8) < 7or6(5x —4) =

3—2x
4

Page 118
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Quadratic inequalities

Recall you need to avoid multiplying (or dividing) by a negative. This includes a variable x (as it
could be negative).

E.g. %<b becomes ax < bx*

You need to remember how to use dotted and solid line convention for inequalities, i.e.

> or < go with dotted (or hollow circle)
> or < with solid (or shaded circle)
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Notes
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Worked Example

458k: Solve quadratic inequalities
given in the form —z2 + bz +¢ > 0
or —z2+br+c<0

Solve:

5k—6—k2<0
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Fill in the blanks

. ; Solution to 1=t o : Solution to 2™ Combined
EAESE thaquality Inequality L% Inequality Inequality Solution
2x—1>4x+3 3(7+x)>6 -5<x<-2

312:‘:{3 bx—-2<5+4+x
3(x—3)>2x—11 S—x T —4x

72x+1)>4x -3

x2—2x—8<0

x2—=7x+10<0

6(1l—x)<0

S5x+1

-
8

2x2—-9x>5

2(2 — 3x%) > 5x

12 —-5x<9-2x

2%% <50

S5x(x —6) <8x—21
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Worked Example

Find the set of values for which % >5x#0
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Worked Example

Find the set of values for which % <2
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Worked Example

458m: Solve quadratic inequalities
involving a division by a positive
algebraic expression.

Solve

1 < Tz
T 22243
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Worked Example

4580: Combine a linear and a quadratic
inequality.

n

9

n is an integer such that Tn — 4 > 24 and r >
n“

Find all the possible values of n.
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Worked Example

The equation kx? — 5kx + 50 = 0, where k is a constant, has no real roots.
Prove that k satisfies the inequality 0 < k < 8

Page 138 1.50: 3E QS4+, P.20: 3.5 Qs 4+




Inequalities on graphs
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Worked Example

L4 has equationy = 12 — 4x.
L, has equation y = x2.
The diagram shows a sketch of L; and L, on the same axes.

a) Find the coordinates of the points of intersection.
b) Hence write down the solution to the inequality 12 — 4x > x?

\ |
/
i
” “:l
{4 i
PNEN
X T
1 | i
!
i !
"
0 W
\ |V
\|A
\\"A

-20 0 20
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Your Turn

L, has equationy = 12 + 4x.

L, has equation y = x2.

The diagram shows a sketch of L; and L, on the same axes.

a) Find the coordinates of the points of intersection.

b) Hence write down the solution to the inequality 12 + 4x > x?
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3.7) Regions
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Worked example Your turn
Shade the region which satisfies | Shade the region which satisfies
the inequalities: the inequalities. Label it R.
x=-2,y<landy<x-—1 x>-3,y<4andy<x—2
-';0 -‘;n
5 5
a4 4
3 1 3
1 1
¢ 5 & 33 % 1 2 3 & 5 6« 6 5 4 3 -2 -1 % 1 2 3 4 5
-4 -4
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Worked example Your turn

Shade the region which satisfies | Shade the region which satisfies

the inequalities: the inequalities. Label it R.
x=>2,y>—-1landx+y <5 x=22,y>landx+y <6

6 -5 -4 -3 -2 -1
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Fill in the blanks

p+x7 =4
pue
X—F>4

Xy + x7 = (x)6
X —F=(x)J

9—X+ XS4

9—x+ X =(x)f
pue "

X7 —bS A Xz — % = (X)J
pEy [—x=(x)f
pue 5
m...ﬁ.|._”wh_ﬂ HH|._“|_”HIH.H___
FEE=n 0+x=(x)f

pue Al
NHNHA.. N_HI _”_M_._.u.h_.
n=dA
sy +xE=(0p
0= x et
m.TﬂmWa WIHNHAH:
z . I
-—x7< A
I
0= x 0 =1
pue X—6 = (x)f
¥r—654 I+xg=(x)J
[+xg=4 i
:Aq _ (x)F = A pue
(x)F = (x)J | (s)uopdesisyu) 5
:Mﬂmﬂﬂ“ﬂmw._ 03 SUBIYN|OS | JO S3)RUIPIoD) = (x)8 pue (x)]

40 Y3=anqs
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Worked Example

Shade the region that satisfies the inequalities:
4y +x < 12
y>x?2—5x—6
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Past Paper Q AS 2021

In this question you should show all stages of your working.
Solutions relying on calculator technology are not acceptable.
Using algebra, solve the inequality
X —x>20

wriling your answer in set notation.

3)
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Your Turn

In this question you should show all stages of your working.

Solutions relying on caleulator technology are not acceptable.

Using algebra, solve the inequality

writing your answer in set notation.
3

(Total for Question 1 is 3 marks)
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Past Paper Q P1 2020

3 4

Figure 1

Figure 1 shows a sketch of a curve ' with equation y = f(x) and a straight line /.
The curve € meets [ at the points (—2.13) and (0,25) as shown.

The shaded region R is bounded by (" and / as shown in Figure 1.

Given that

e f(x) is a quadratic function in x

e (—2,13)1s the minimum turning point of y = f{x)

use inequalities to define K.

“=Y

(5)
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Your Turn

=¥

Figure 1

Figure | shows a sketch of a curve C with equation y = f (x) and a straight line 1.
The curve € meets { at the points (=3, 7) and (0, 16) as shown.
The shaded region R is bounded by C and [ as shown in Figure 1.

Given that f{(x) 1s a quadratic function in x and that (=3, 7) 1s the minimum turning point

of y = f{x), use inequalities to define R.

(Total for Question 7 is 5 marks)
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Past Paper Questions

In this question you should show all stages of your working.

Solutions relying on calculator technology are not acceptable.

Using algebra, solve the inequality

writing your answer in set notation.

X —-x>20

@ Exams
ﬁ]’ e Formula Booklet

 Past Papers
s Practice Papers

« past paper Qs by topic

Past paper practice by

3
topic. Both new and old
specification can be
found via this link on
hgsmaths.com
(3 wyLye)
(3
bLE2EUI2 2O[ILION 11 26 LO[SHOU {414 < —tf A {%:% >3} 08 Vi 5
Cpooesz onfziqe 16BI0U JOL [PEIL Ag[nez R %> A< —¢ AI I'IP
1 EING2 CLICT] AS|NGZ % % >F0 = % —%-30> )= 1=(2'—¢) T I'mp
Onez(100 26Pe1IG NYLK? | VOR
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Summary of Key Points

Summary of key points

1 Linear simultaneous equations can be solved using elimination or substitution.

2 Simultaneous equations with one linear and one quadratic equation can have up to two pairs
of solutions. You need to make sure the solutions are paired correctly.

3 The solutions of a pair of simultaneous equations represent the points of intersection of their
graphs.

& For a pair of simultaneous equations that produce a quadratic equation of the form
ax?+bx+e=0:
« b*-4bac>0 two real solutions
« b2=tbac=0 one real solution
« bP—bac<0 no real solutions

5 The solution of an inequality is the set of all real numbers x that make the inequality true.

6 To solve a quadratic inequality:
« Rearrange so that the right-hand side of the inequality is 0
« Solve the corresponding quadratic equation to find the critical values
« Sketch the graph of the quadratic function
= Use your sketch to find the required set of values.

7 The values of x for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality
f(x) < g(x).
The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality
f(x) > g(x).

8 y < f(x) represents the points on the coordinate grid below the curve y = f(x).
» > f(x) represents the points on the coordinate grid above the curve y = f(x).

9 If y> f(x) or y < f(x) then the curve y = f(x) is not included in the region and is represented by
a dotted line.

If y = f(x) or y = f(x) then the curve y = f(x) is included in the region and is represented by a
solid line.
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1.11 Algebraic division and the Factor Theorem

s N

i1 . f(x) stent )i remainder (r)
. —— = quotien —
7 —=2- or 2remainder 3 divisor(d) 1 1 divisor (d)
dividend 4 4
(the thing we're dividing)
1 —>
divisor | quotient (q)
(the thing we're dividing by)
quotient

dividend f(x)

divisor (d)

If you divide cubic f(x) by (ax + b) then:

If (ax + b) IS AFACTOR then: f(x) = (ax + b)(ax? + bx + ¢) where ax? + bx + c is the
quotient from above

(you don’t have to know this but: IF IT IS NOT A FACTOR then the remainder is found by calculating f(— g)
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Worked Example

497a: Determine a factor from
algebraic division of a quadratic or
cubic expression, given another factor
(no zero coefficients).

Given that

323 — 1722 + 8z + 48
3z +4

— Az2 + Bz +C

Use algebraic long division to work out the values of the
constants A, B, and C.

Az?+ Bz +C=¢

@ 5‘14}"(- SoltoA (_Q,w}

0 \
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3x \
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AIUHor‘ hert B o N - ,.,-_(5.1.,),' Gy = 3
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e E:vp u,rt-
@ \ X - tx il in renaindes - l&—colam
x 353 Lyt balan e "™ —
# |+ 28 e reed Hext +]-2xY == 1Fx*

- Rl a M | ndesr ‘1( Column

® \ x ~+x 1N

3 |3 Lt 43 ¢ (onhinve procenn

|t A8x 14 = TF You ARE (efRELT
boTTem LEFT s +4&

31}“‘% 7'-1' 1—8’1 1'"1'8 = :Cz— q'xﬂl
3o+t
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Worked Example

flx) =4x*—17x%* + 4
Divide f(x) by (2x + 1), giving your answer in the form f(x) = (2x + 1)(ax3 + bx? + cx + d).
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The Factor Theorem

The Factor Theorem states that if f(x) is a polynomial then:
o Iff (g) = 0, then (ax — b) is a factor of f(x).

* Conversely, if (ax — b) is a factor of f(x), then f (g) = 0.

When showing something is a factor in exam questions state ‘by factor theorem’

Model solution should finish with a sentence such as:

f(=2) = 0, by factor theorem (x + 2) is a factor of f(x)

If you are asked to use factor theorem you must attempt to find f(a). You must not attempt the
division of f(x) by (x — a)
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Worked Example

(a) Use the factor theorem to show that (x + 3) is a factor of f(x)

(b) Hence fully factorise f(x)

f(z) = 43 + 2822 + 63z + 45.
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Exam Q

P1 2022

Given that (x + 2) is a factor of f(x), find the value of .

f(x)=(x —4)x*>—3x + k) — 42 where k is a constant
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Your Turn

f(x)=(x —2)(x* + 82 — 20x + k) — 1225 where £ is a constant

Given that (x + 3) 1s a factor of f (x), find the value of &.
3)

(Total for Question 2 is 3 marks)
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Exam Q

P1 2019

Given that (x + 3) is a factor of f(x), find the value of the constant a.

fix)=3x*+ 2agx* — dx + Sa

(3)
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Your Turn

f(x)=x3+2bx’—6x—-b
Given that (x + 1) 1s a factor of f(x), find the value of the constant A.

(Total for Question 1 is 3 marks)
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Past Paper Questions

A2 2021 Paper 1

f(x)=ax®+ 10x* — 3ax — 4

Given that (x — 1) 1s a factor of f(x), find the value of the constant 4.

You must make your method clear.

3)

Exams

ﬁ]’ e Formula Booklet

 Past Papers
s Practice Papers

« past paper Qs by topic

Past paper practice by
topic. Both new and old
specification can be
found via this link on
hgsmaths.com
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Summary of Key Points

1 When simplifying an algebraic fraction, factorise the numerator and denominator where
possible and then cancel common factors.

2 You can use long division to divide a polynomial by (x % p), where p is a constant.

3 The factor theorem states that if f(x) is a polynomial then:
« If f(p) =0, then (x - p) is a factor of f(x)
- If (x - p) is a factor of f(x), then f(p) =0
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