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Prior knowledge check

Prior knowledge check )

1 Asmall ball is projected vertically upwards from a point P with
speed 15m s-'. The ball is modelled as a particle moving freely
under gravity. Find:

a the maximum height of the ball
b the time taken for the ball to return to P. « Year 1, Chapter 9

Write expressions for x and y in terms
of vand 6. « GCSE Mathematics

y L)
a Given smt‘)_13 find

i cosf it tanéd

: L0,
b Giventanf = 15 find

i sinf ii cos? « Pure Year 1, Chapter 10
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6.1) Horizontal projection

In vertical direction, acceleration downwards is g ms=.

Use suvat equations as before.

In horizontal direction, acceleration is 0 ms™2.

distance

Constant velocity, so can use bog standard speed = ime

= The horizontal motion of a projectile is modelled m You can use the constant
as having constant velocity (a = 0). acceleration formulae for the vertical
You can use the formula s = vt. motion of a projectile:
v=u+at
The force due to gravity is modelled as being constant, s
so the vertical acceleration is constant. $= ( > )
= The vertical motion of a projectile is modelled as ve = u? + 2as

having constant acceleration due to gravity (a = g). =it
: 2

Use g = 9.8 m s~? unless the question specifies a different

1
e )
value. SR

< Year 1, Chapter 9
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Worked Example

654a: Determine the horizontal
displacement of a particle projected
horizontally.

A ball is projected horizontally at 10.8 m s ! from a point h
m above the ground.

The ball hits the ground after 3.8 seconds.

Find the horizontal distance travelled by the ball before it
reaches the ground.
Give your answer correct to 2 significant figures.
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6.2) Horizontal and vertical components

Suppose a particle is projected with initial velocity U,
at an angle o above the horizontal. The angle « is
called the angle of projection.

You can resolve the velocity into components that
act horizontally and vertically:

m This is the same technique as you use to resolve
forces into components. + Section 5.1

u r
Cos =T", ] u,=Ucosa

. 1\ Iy
sina = 50 u, = Usina

= When a particle is projected with initial velocity U, at an angle « above the horizontal:
e The horizontal component of the initial velocity is U cos o
* The vertical component of the initial velocity is Usin o

Just as we split forces into its horizontal and vertical components, in order to
consider forces in the horizontal and vertical directions respectively, we can do
exactly the same with velocity!

When the object is at its

highest point:
The vertical velocity is 0.

We know that the scalar
form of velocity is speed, and
thus we just find the

20/ 20sin 70° ms™ magnitude of the velocity

@J 70° vector:

20 cos 70° ms? 12 i
( 5 ) ms
= +/122 4+ 52

=13 ms 1
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Notes
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Worked Example

A particle is projected from a point on a horizontal plane with an initial velocity of 39 ms~?! at an angle a above the

. 5
horizontal, where tan a = B

a) Find the horizontal and vertical components of the initial velocity
b) Express the initial velocity as a vector in terms of i and j

Page 13 1.112:6B Qs 1-4,P.50:6.2Qs1,2,4,5,6




Worked Example

A particle is projected with velocity U = (2i + 7j) ms~! where i and j are the unit vectors in the horizontal and
vertical directions respectively.
Find the initial speed of the particle and its angle of projection.
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Worked Example

A particle is projected with velocity U = (5ki + 2kj) ms™1.
a) Find the angle of projection

Given that the initial speed is 5v29 ms~!

b) Find the possible values of k
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6.3) Projection at any angle

You can solve problems involving particles projected
at any angle by resolving the initial velocity into
horizontal and vertical components.

The distance from the point from which the
particle was projected to the point where it
strikes the horizontal plane is called the range.

Greatest height

The time the particle takes to move from its
point of projection to the point where it strikes o Range o
the horizontal plane is called the time of flight of the projectile.

m A projectile reaches its point of greatest height when the vertical component of its velocity
is equal to 0.
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Worked Example

A ball is struck by a racket at a point which is 2 m above horizontal ground. Immediately after the ball is truck, the ball has velocity (10i +
16j)ms~1 where i and j are unit vectors horizontally and vertically respectively.

After being struck, the ball travels freely under gravity until it strikes the ground.

Find:

a) The greatest height above the ground reached by the ball

b) The speed of the ball as it reaches the ground

c) The angle the velocity of the ball makes with the ground as the ball reaches B
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Worked Example

A particle is projected from a point on level ground with speed U ms~! and an angle of elevation of a.

The maximum height reached by the particle is 15.3061 m (4 dp) above the ground and the particle hits the ground
35.3480 m (4 dp) from its point of projection.

Find the value of « and U

Page 27 1.117:6CQs 6+ P.51:6.3Qs4+



2019 Q5

h

P 20ms™ Ny g

30° 6

50m

Figure 3
The points 4 and B lie 50 m apart on horizontal ground.
At time 7 = 0 two small balls, P and Q, are projected in the vertical plane containing AB.
Ball 7 is projected from A with speed 20ms™ at 30° to AB.

! at angle @ to BA, as shown in Figure 3.

Ball Q is projected from B with speed #ms™
At time ¢ = 2 seconds. P and Q collide.
Until they collide, the balls are modelled as particles moving freely under gravity.

(a) Find the velocity of P at the instant before it collides with Q.

(6)
(b) Find
(i) the size of angle 6.
(ii) the value of u.
(6)
(¢) State one limitation of the model, other than air resistance, that could affect the
accuracy of your answers.
(4))]
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Your Turn

P_ 20ms” ums™ QO

30 [/

SOm

B

Figure 3

The points 4 and B lie 50 m apart on horizontal ground.

At time ¢ = 0 two small balls, P and Q, are projected in the vertical plane containing A5.

Ball P is projected from 4 with speed 20 m 57! at 30° to 4B.

Ball Q is projected from B with speed u m s~ at angle & to B4, as shown in Figure 3.

At time ¢ = 1 second, P and Q collide.

Until they collide, the balls are modelled as particles moving freely under gravity.

(a) Find the magnitude and the direction of the velocity of P at the instant before it collides with Q.

(b) Find
(1) the size of angle 6,

(ii) the value of u.

6

©

(¢) State one limitation of the model, other than air resistance, that could affect the accuracy of

your answers.

@
(Total for Question 5 is 13 marks)
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2020 Q5

100m

Figure 2
A small ball is projected with speed Ums'' from a point O at the top of a vertical cliff.
The point O is 25m vertically above the point N which is on horizontal ground.
The ball is projected at an angle of 45° above the horizontal.
The ball hits the ground at a point A, where AN = 100m, as shown in Figure 2.
The motion of the ball is modelled as that of a particle moving freely under gravity.
Using this initial model,

(a) show that U =28

(6)
(b) find the greatest height of the ball above the horizontal ground NA.

3)
In a refinement to the model of the motion of the ball from O to 4, the effect of air
resistance is included.
This refined model is used to find a new value of U.
(¢) How would this new value of U compare with 28, the value given in part (a)?

(1
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Your Turn

Ums™

150 m

Figure 2

A small ball is projected with speed U m s from a point O at the top of a vertical cliff.

The point O 1s 50 m vertically above the point N which is on horizontal ground.

The ball is projected at an angle of 60° above the horizontal.

The ball hits the ground at a point 4, where AN = 150 m, as shown in Figure 2.

The motion of the ball is modelled as that of a particle moving freely under gravity.

Using this initial model,

(a) show that U= 37.7 to 3 significant figures

(6)

(b) taking U= 37.7, find the greatest height of the ball above the horizontal ground NA.

(3)

In a refinement to the model of the motion of the ball from O to A, the effect of air resistance

1s included.

This refined model is used to find a new value of U.

(¢) How would this new value of U compare with 37.7, the value given in part (a)?

(1)

(d) State one further refinement to the model that would make the model more realistic.

(1)
(Total for Question 5 is 11 marks)
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6.4) Projectile motion formulae

Exam Note: You may be asked to derive these. But don’t attempt to
memorise them or actually use them to solve exam problems — instead use
the techniques used earlier in the chapter.

For a particle projected with initial velocity U at angle a above
horizontal and moving freely under gravity:

* Time of flight = 2U sl

Usina

 Time to reach greatest height =

: U? sin 2a
* Range on horizontal plane = ———

2
* Equation of trajectory: y = xtana — % (1 + tan? a)
where y is vertical height of particle and x horizontal distance.
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Worked Example

A particle is projected from a point with speed U at an angle of elevation a and moves freely under gravity. When the particle
has moved a horizontal distance x, its height above the point of projectioniis y.

2
(a) Showthaty = xtana — % (1 + tan? a)

A particle is projected from a point O on a horizontal plane, with speed 14 ms~! at an angle of elevation a. The particle
passes through a point B, which is at a horizontal distance of 16m from O and at a height of 4m above the plane.
(b) Find the two possible values of «, giving your answers to the nearest degree.

Page 39 T.123:6D Qs all, P. 52 : 6.4 Qs all




2023 Q5

A small ball is projected with speed 28 ms ' from a point O on horizontal ground.
After moving for T seconds, the ball passes through the point 4.

The point A is 40m horizontally and 20 m vertically from the point O, as shown in
Figure 2.

The motion of the ball from O to A is modelled as that of a particle moving freely
under gravity.

Given that the ball is projected at an angle & to the ground, use the model to

10
(a) show that T=
Tcosa
(2)
(b) show that tan’a — 4tana + 3 =0
(5)
(c) find the greatest possible height, in metres, of the ball above the ground as the ball
moves from O to A.
3)
The model does not include air resistance.
(d) State one other limitation of the model.
(1)

20m

" 40m
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Your Turn

60m

Figure 2

A small ball is projected with speed 35ms™' from a point O on horizontal ground.
After moving for T seconds, the ball passes through the point 4.

The point A is 60 m horizontally and 45.6 m vertically from the point O, as shown in
Figure 2.

The motion of the ball from O to A4 is modelled as that of a particle moving freely
under gravity.

Given that the ball is projected at an angle « to the ground, use the model to

2
(a) show that T= -
Tcosa
2)
(b) show that 6tan® & — 25tan & + 25 =0
(5)
(c) find the greatest possible height, in metres, of the ball above the ground as the ball
moves from Oto A.
3)
The model does not include air resistance.
(d) State one other limitation of the model.
(1)

(Total for Question 5 is 11 marks)
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[

At time 7 = 0, a small stone is projected with velocity 35ms ' from a point © on
horizontal ground.

The stone is projected at an angle « to the horizontal, where tana

| e

In an initial model

* the stone is modelled as a particle P moving freely under gravity

* the stone hits the ground at the point A

Figure 4 shows the path of P from O to A.

For the motion of P from O to A

+ attime ¢ seconds, the horizontal distance of P from O is x metres

+ at time 7 seconds, the vertical distance of P above the ground is y metres
(a) Using the model, show that

3 1
y=—-x- X
4 160
(b) Use the answer to (a), or otherwise, to find the length OA.

Using the model, the greatest height of the stone above the ground is found to
be H metres.

(c) Use the answer to (a), or otherwise, to find the value of /.

+ The model is refined to include air resistance.

Using this new model, the greatest height of the stone above the ground is found to

be K metres.

(d) State which is greater, /{ or K, justifying your answer.

(¢) State one limitation of this refined model.

35ms’

(6)

()

(2)

n

()]

Figure 4
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Your Turn

91ms’ — ~
\

Figure 4

At time 1 = 0, a small stone is projected with velocity 91 ms ™' from a point O on
horizontal ground.

. . . _ 5
The stone is projected at an angle a to the horizontal, where tan « = 1%

In an initial model

= the stone is modelled as a particle P moving freely under gravity

« the stone hits the ground at the point 4

Figure 4 shows the path of P from O to A.

For the motion of P from O to A

= attime 7 seconds, the horizontal distance of P from O is x metres

* attime 7 seconds, the vertical distance of P above the ground is y metres

(@) Using the model, show that

5 1,
= —x——X
Y 12" a0
(6)
(h) Use the answer to (a), or otherwise, to find the length OA.
(2)
Using the model, the greatest height of the stone above the ground is found to
be H metres.
(¢) Use the answer to (a), or otherwise, to find the value of H.
(2)
¢ The model is refined to include air resistance.
Using this new model, the greatest height of the stone above the ground is found to
be K metres.
(d) State which is greater, / or K, justifying your answer.
(1)
(e) State one limitation of this refined model.
(1

(Total for Question 5 is 12 marks)
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Past Paper Questions

10.

Figure 4

A boy throws a ball at a target. At the instant when the ball leaves the boy’s hand at the
pownt 4. the ball 1s 2m above honzontal ground and 15 moving with speed U at an angle a
above the honzontal

In the subsequent motion. the highest poini reached by the ball 1s 3m above the ground.
The target 1s modelled as being the pomt 7, as shown mn Figure 4
The ball 15 modelled as a particle moving freely under gravity

Usmg the model,

2g

(a) show that UJ2 = ——
sin e

The poant T 1s at a horizontal distance of 20m from 4 and 15 at a height of 0 75m above
the ground. The ball reaches I without hitting the ground.

(b) Find the size of the angle a

(¢) State one limitation of the model that could affect your answer to part (b).

(d) Find the nme taken for the ball to travel rom 4 to T

o Exams
ﬁT = Formula Booklet
 Past Papers
s Practice Papers

« past paper Qs by topic

Past paper practice by
topic. Both new and old
specification can be
found via this link on
hgsmaths.com
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Summary of Key Points

1 The horizontal motion of a projectile is modelled as having constant velocity (o =0).
You can use the formula 5 = v

2 The vertical motion of a projectile is modelled as having constant acceleration due to
grawvity (a = gl

3 When a particle is projected with Initial velocity U, at an angle o above the horizontal:
= The horizontal component of the initial velocity is ['cos o
« The vertical component of the initial velocity Is [Msina

& A projectile reaches its point of greatest height when the vertical component of its velocity is
equal to 0.

& For a particle which is projected from a polnt on a horizontal plane with an initial velocity [7at
an angle « above the horlzontal, and that moves freely under gravity:

 Time of flight = &N
: EEAL T
« Time to reach greatest height = 7
£
= Range on horizontal plane = -LJIHIE' !
. . 1+tan?
« Eguation of trajectory: v = x tanam - gy %

where 1 Is the vertical height of the particle, x is the horizontal distance from the point of
projection, and g is the acceleration due to gravity.
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