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9.1) Differentiating 𝐬𝐢𝐧 𝒙 and 𝐜𝐨𝐬 𝒙

You need to know:

You also are required by the exam specification to be familiar with deriving the sin (𝑘𝑥) and cos (𝑘𝑥)
derivatives from first principles (on next page)
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ௗ௬

ௗ௫
=    𝑜𝑟  𝑓ᇱ 𝑥 =𝑦 =   𝑜𝑟   𝑓 𝑥 =

𝑛𝑎𝑥௡ିଵ𝑎𝑥௡

𝑘𝑒௞௫𝑒௞௫

𝑘cos 𝑘𝑥sin 𝑘𝑥

−𝑘sin 𝑘𝑥cos 𝑘𝑥



Notes
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Worked Example

Page 8

A curve has equation 𝑦 =
ଵ

ସ
𝑥 − cos 3𝑥. 

Find the stationary points on the curve in the interval 0 ≤ 𝑥 ≤ 𝜋



Worked Example
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A curve has equation 𝑦 = sin 5𝑥 + 3𝑥. Find the stationary 
points on the curve in the interval 0 ≤ 𝑥 ≤

ଷ

ହ
𝜋

T.234: Q 4-6 ,P.70 Q 2,3



Worked Example
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A curve has equation 𝑦 = sin 4𝑥 − cos 3𝑥. Find the 
equation of the tangent to the curve at the point (𝜋, 1)



Worked Example
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A curve has equation 𝑦 = 3𝑥ଶ − sin 𝑥. Show that the equation of the normal to the curve 
at the point with 𝑥-coordinate 𝜋 is

𝑥 + 6𝜋 + 1 𝑦 − 𝜋 18𝜋ଶ − 3𝜋 − 1 = 0

T.234: 7+,P.70 Q 4+



Proof for derivative of 𝒔𝒊𝒏𝒙
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Things of helpfulness:
• As 𝑥 → 0, sin 𝑥 ≈ 𝑥 and 

cos 𝑥 ≈ 1 −
ଵ

ଶ
𝑥ଶ

• sin 𝑎 + 𝑏 =
sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏

If 𝑦 = 𝑓(𝑥) then ௗ௬

ௗ௫
= lim

௛→଴

௙ ௫ା௛ ି௙ ௫

௛

= lim
௛→଴

sin 𝑥 + ℎ − sin 𝑥

ℎ

= lim
௛→଴

sin 𝑥 cos ℎ + cos 𝑥 sin ℎ − sin 𝑥

ℎ

= lim
௛→଴

cos ℎ − 1

ℎ
sin 𝑥 +

sin ℎ

ℎ
cos 𝑥

Since lim
௛→଴

sin ℎ ≈ ℎ,  ∴ lim
௛→଴

ୱ୧୬ ௛

௛
≈ lim

௛→଴

௛

௛
= 1

Similarly, lim
௛→଴

ୡ୭ୱ ௛ିଵ

௛
≈ lim

௛→଴

ଵି
భ

మ
௛మିଵ

௛
= lim

௛→଴
(−

ଵ

ଶ
ℎ)  → 0

∴
𝑑𝑦

𝑑𝑥
= lim

௛→଴
0 sin 𝑥 + 1 cos 𝑥 = cos 𝑥

Use addition formula.

Collect sin 𝑥 terms and 
cos 𝑥 terms together.

Use small angle approximations to 
consider what the expressions in 
terms of ℎ will become.



YOUR TURN:   Proof for derivative of 𝒄𝒐𝒔𝒙

Page 17

Things of helpfulness:
• As 𝑥 → 0, sin 𝑥 ≈ 𝑥 and 

cos 𝑥 ≈ 1 −
ଵ

ଶ
𝑥ଶ

• sin 𝑎 + 𝑏 =
sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏

Use addition formula.

Collect sin 𝑥 terms and 
cos 𝑥 terms together.

Use small angle approximations to 
consider what the expressions in 
terms of ℎ will become.



9.2) Differentiating exponentials and logarithms

LEARN:

*these results can be proved later in the chapter.
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ௗ௬

ௗ௫
=    𝑜𝑟  𝑓ᇱ 𝑥 =𝑦 =   𝑜𝑟   𝑓 𝑥 =

𝑛𝑎𝑥௡ିଵ𝑎𝑥௡

𝑘𝑒௞௫𝑒௞௫

1

𝑥
ln (𝑥)

𝑎௫ln 𝑎𝑎௫



Worked Example
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Find:
𝑑

𝑑𝑥
ln 𝑥ଶ                          

𝑑

𝑑𝑥
ln 𝑥ଷ                                    

𝑑

𝑑𝑥
(ln 𝑥ସ)



Worked Example
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Find:
𝑑

𝑑𝑥

3 + 2𝑒ହ௫

7𝑒ସ௫
                                                          

𝑑

𝑑𝑥

7 − 5𝑒ିସ௫

3𝑒ଶ௫



Worked Example
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Find:
𝑑

𝑑𝑥
𝑒௫ − 3 ଶ

T.236: Q1-3,P.70 Q 1-3



Worked Example
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Worked Example
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A curve has the equation 
𝑦 = 𝑒ସ௫ − ln 𝑥

Show that the equation of the tangent to the curve at the point with 𝑥-coordinate 1 is:   𝑦 = 4𝑒ସ − 1 𝑥 − 3𝑒ସ + 1



Worked Example
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A curve has the equation 
𝑦 = 5 2ଷ௫

Find the equation of the normal to the curve at the point with 𝑥-coordinate 1 in the form 𝑦 = 𝑎𝑥 + 𝑏, where 𝑎 and 𝑏 are 
constants to be found in exact form

T.236: Q4+,P.70 Q 4+



9.3) The chain rule

The chain rule allows us to differentiate a composite function, i.e. a function within a function.

Example: differentiate 
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𝑦 = 3𝑥ସ + 𝑥 ହ The Chain Rule:
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
×

𝑑𝑢

𝑑𝑥

Fro Note: Notice how the 𝑑𝑢’s sort of ‘cancel’ 
top and bottom on the RHS. This is not a valid 
proof of the chain rule, but the 𝑑’s sort of 
behave as quantities which can often be 
manipulated in this way. 

Full Method:

Let 𝑢 = 3𝑥ସ + 𝑥

𝑑𝑢

𝑑𝑥
= 12𝑥ଷ + 1

𝑦 = 𝑢ହ

𝑑𝑦

𝑑𝑢
= 5𝑢ସ = 5 3𝑥ସ + 𝑥 ସ

∴
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
×

𝑑𝑢

𝑑𝑥

= 5 3𝑥ସ + 𝑥 ସ 12𝑥ଷ + 1

In the Chain Rule, 𝑢
represents the inner 
function.

This represents the ‘outer’ 
function.

Doing it mentally in one go:
(aka the ‘bla method’)

The chain rule boils down to:
ௗ௬

ௗ௫
= outer function differentiated
× inner function differentiated

𝑑𝑦

𝑑𝑥
= 5 3𝑥ସ + 𝑥 ସ × (12𝑥ଷ + 1)

When differentiating the outer 
function, replace (in your head) 
the inner function with the 
word ‘bla’. i.e. “What does 𝑏𝑙𝑎ହ

differentiate to?”. It’s 5 𝑏𝑙𝑎ସ

Now differentiate 
the inner function, 
i.e. the ‘bla’.



Worked Example
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Differentiate with respect to 𝑥:
𝑦 = 𝑒௫మା௫                                             𝑓(𝑥) = 𝑒௫యିଶ௫ାଵ



Worked Example
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Differentiate with respect to 𝑥:
𝑦 = ln sin 𝑥

T.239: Q1,2,P.71 Q 1-3



Worked Example
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Differentiate with respect to 𝑥:
𝑦 = sinସ 𝑥                                     𝑓(𝑥) = cosଷ 𝑥



Worked Example
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Differentiate with respect to 𝑥:
𝑦 = 𝑒௘షೣ



Worked Example
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A curve 𝐶 has equation

𝑦 =
3

2 − 5𝑥 ସ
, 𝑥 ≠

2

5
Find an equation for the normal to 𝐶 at the point with 𝑥-coordinate 1 in the form 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, 
where 𝑎, 𝑏 and 𝑐 are integers

T.239: Q3-5,P.71 Q 4-8



The reciprocal case
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ௗ௬

ௗ௫
=

ଵ
೏ೣ

೏೤

Find ௗ௬

ௗ௫
when 𝑥 = 2𝑦ଶ + 𝑦

𝒅𝒙

𝒅𝒚
= 𝟒𝒚 + 𝟏

𝒅𝒚

𝒅𝒙
=

𝟏

𝟒𝒚 + 𝟏

Find the gradient of 𝑥 = 1 + 2𝑦 ଷ when 𝑦 = 1

𝒅𝒙

𝒅𝒚
= 𝟔 𝟏 + 𝟐𝒚 𝟐             →    

𝒅𝒚

𝒅𝒙
=

𝟏

𝟔 𝟏 + 𝟐𝒚 𝟐

𝒎 =
𝟏

𝟔 𝟏 + 𝟐 𝟐
=

𝟏

𝟓𝟒



Worked Example
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Find the gradient of:
𝑥 = 1 + 2𝑦 ଷ when 𝑦 = 1                                               𝑥 = 3𝑦ଶ − 2 ସ at (1, −1)



Worked Example
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Find ௗ௬

ௗ௫
when: 

𝑥 = 2𝑦ଶ + 𝑦                                                      𝑥 = 3𝑦ସ − 𝑦ଶ − 1

T.239: Q6+



2019 P1 Q14
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Your Turn
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2019 P2 Q11
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Your Turn
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9.4) The product rule
As mentioned previously, the product rule is used, unsurprisingly, when we have a product of two functions.
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The product rule:
If 𝑦 = 𝑢𝑣 then ௗ௬

ௗ௫
= 𝑢

ௗ௩

ௗ௫
+ 𝑣

ௗ௨

ௗ௫

Or simply:      𝑦ᇱ = 𝑢𝑣ᇱ + 𝑣𝑢′

If 𝑦 = 𝑥ଶ sin 𝑥, determine ௗ௬

ௗ௫

𝑢 = 𝑥ଶ          𝑣 = sin 𝑥
𝑢′ = 2𝑥       𝑣′ cos 𝑥
𝑑𝑦

𝑑𝑥
= 𝑥ଶ cos 𝑥 + 2𝑥 sin 𝑥

Write out 𝑢 =
⋯ , 𝑣 = ⋯ then 
differentiate each.

Sub into 
product rule.

If 𝑦 = 𝑥𝑒ଶ௫, determine the coordinates of the turning point.

𝑢 = 𝑥          𝑣 = 𝑒ଶ௫

𝑢′ = 1       𝑣′ = 2𝑒ଶ௫

𝑑𝑦

𝑑𝑥
= 2𝑥𝑒ଶ௫ + 𝑒ଶ௫ = 0



Notes
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Worked Example
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Differentiate with respect to 𝑥:
𝑦 = 𝑒ଷ௫ sinସ 2𝑥                             𝑓 𝑥 = 𝑒ଶ௫ cosଷ 4𝑥



Worked Example
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Determine the coordinates of the turning point:
𝑦 = 𝑥𝑒ଷ௫                                           𝑓 𝑥 = 𝑥𝑒ସ௫

T.242: Q1-3,P.72 Q 1-5



Worked Example
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Differentiate with respect to 𝑥:
𝑦 = 𝑥ଶ 5𝑥 − 2



Worked Example
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Find the equation of the tangent to the curve with equation 𝑦 = 𝑥ଶ sin(𝑥ଶ) at the point గ

ଶ
,

గ ଶ

଼
in the form 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0

where 𝑎, 𝑏 and 𝑐 are exact constants.



Worked Example
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Differentiate with respect to 𝑥:
𝑑𝑦

𝑑𝑥
=

1

5𝑥 𝑥 + 1
ଵ
ଶ

T.242: Q4+,P.72 Q 6+



2019 P1 Q12
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Your Turn
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2020 P1 Q9
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Your Turn

Page 96



9.5) The quotient rule
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The quotient rule:

If 𝑦 =
௨

௩
then ௗ௬

ௗ௫
=

௩௨ᇲି௨௩ᇲ

௩మ



Worked Example
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Worked Example
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Find the stationary point of 
𝑦 =

ୡ୭ୱ ௫

௘యೣ , 0 < 𝑥 < 𝜋



Worked Example
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Find the equation of the tangent to the curve 𝑦 =
௘

భ
ర

ೣ

௫
at the point (4,

ଵ

ସ
𝑒)

T.245: Q5+,P.73 Q 4+



2021 P1 Q14
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Your Turn
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