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Prior knowledge check

Prior knowledge check

Differentiate:
a 3x2-5x b % — %

€ 4x%(1 - x9) « Year 1, Chapter 12

Find the equation of the tangent to the
curve with equation y = 8 — x? at the point
(3, -1). « Year 1, Chapter 12

The curve Cis defined by the parametric
equations

x=3rr-5t y=r+2 t€R

Find the coordinates of any points where
Cintersects the coordinate axes.
« Section 8.4

Solve 2 cosec x — 3 secx =0 in the interval
0 = x = 2m, giving your answers correct to
3 significant figures. « Section 6.3
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9.1) Differentiating sin x and cos x

You need to know:

y= or f (x)=
ax™ nax™ 1
okx ke kx
sin(kx) kcos(kx)
cos(kx) —ksin(kx)

You also are required by the exam specification to be familiar with deriving the sin(kx) and cos(kx)
derivatives from first principles (on next page)
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Notes
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Worked Example

A curve has equationy = %x — COos 3Xx.
Find the stationary points on the curveintheinterval 0 < x <m
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Worked Example

A curve has equation y = sin 5x + 3x. Find the stationary

: : : 3
points on the curve in theinterval 0 < x < T
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Worked Example

A curve has equation y = sin4x — cos 3x. Find the
equation of the tangent to the curve at the point (7, 1)
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Worked Example

A curve has equation y = 3x% — sin x. Show that the equation of the normal to the curve

at the point with x-coordinate m is

x+(6r+1)y—m(18n?2-3r—1) =0
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Proof for derivative of sinx

_ ay _ 1. fe+h)—f(x)
If y = f(x) then = ’lllin

0 h
- sin(x + h) — sin(x)
= lim
h—0 h
~sin(x) cos(h) + cos(x) sin(h) — sin(x)
= lim
h—0 h
_ cosh—1\ N sinh
= lim r sin x n COS X
Since limsinh = h, .. lim Smh lim h_ 1
h—-0 h—-0 hl h—-0h
. . cosh-1 _ .. 1=3h*-1 . 1
Similarly, }lll_r)r(l) — }lll_r)r(l) — = illl_r)r(l)( 5 h) -0

dy . _
= ’111_13(1)(0 sinx + 1cosx) = cosx

Things of helpfulness:
e Asx — 0, sinx = x and
cosx~1— %xz

« sin(a+b) =
sinacosb + cosasinb

Use addition formula.

Collect sin x terms and
cos x terms together.

Use small angle approximations to
consider what the expressions in
terms of h will become.
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YOUR TURN: Proof for derivative of cosx

Things of helpfulness:
e Asx — 0, sinx = x and
cosx~1— %xz

« sin(a+b) =
sinacosb + cosasinb

Use addition formula.

Collect sin x terms and
cos x terms together.

Use small angle approximations to
consider what the expressions in
terms of h will become.
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9.2) Differentiating exponentials and logarithms

LEARN:

y= or f (x)=

a* a*In(a)

*these results can be proved later in the chapter.
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Worked Example

Find:

d d d

- 2 - 3 el 4
o (Inx*<) o (Inx?) e (Inx™)
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Worked Example

Find:

d

3 4 2e>*

dx

(

7e4x

)

d (7 —5e %
dx 3e2X

)
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Worked Example

Find:

i (ex _ 3)2
dx
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Worked Example

The population P of a species after t days can be modelled using P = 640(273%)

a) Determine how many days have elapsed before there are 20 individuals left
b) Determine the rate of change of the population after 3 days.

Page 40




Worked Example

A curve has the equation
y=e** —Inx

Show that the equation of the tangent to the curve at the point with x-coordinate 1is: y = (4e* — 1)x —3e* + 1
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Worked Example

A curve has the equation

y = 5(23%)

Find the equation of the normal to the curve at the point with x-coordinate 1 in the form y = ax + b, where a and b are

constants to be found in exact form
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9.3) The chain rule

The chain rule allows us to differentiate a composite function, i.e. a function within a function.

Example: differentiate v = (3x* + x)°

Full Method:

In the Chain Rule, u

_ 4
letu = 3x™ +x represents the inner

function.
du 3
—=12x>+1
dx
This represents the ‘outer’
5 —— function.
y=u

d
syt = 5(3x* + x)*
du

.dy_dyxdu
Tdx  du’ dx

Page 46
=50Cx*+x)*(12x3 + 1)

Fro Note: Notice how the du's sort of ‘cancel’
top and bottom on the RHS. This is not a valid
proof of the chain rule, but the d’s sort of
behave as quantities which can often be
manipulated in this way.

The Chain Rule:

dy_dyxdu
dx du’ dx

Doing it mentally in one go:
(aka the ‘bla method’)

The chain rule boils down to:
d ) . .
ﬁ = outer function differentiated

X inner function differentiated

d
2 5(8x* +x)* x (12x3 + 1)

. f

When differentiating the outer Now differentiate
function, replace (in your head) the inner function,
the inner function with the i.e. the ‘bla’.

word ‘bla’. i.e. “What does bla®

differentiate to?”. It's 5 bla*




Worked Example

Differentiate with respect to x:
y = pX’tx fx) = pX>—2x+1

Page 49




Worked Example

Differentiate with respect to x:

y = In(sin x)
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Worked Example

Differentiate with respect to x:
y = sin* x f(x) = cos3 x

Page 54




Worked Example

Differentiate with respect to x:

—X

y =e°
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Worked Example

A curve C has equation
3 2

= X FE =

Y= 2 <s50** 75
Find an equation for the normal to C at the point with x-coordinate 1 in the form ax + by + ¢ = 0,
where a, b and c are integers

1.239: Q3-5,P.71 Q 4-8
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The reciprocal case

. dy .2
Find ” whenx = 2y“ +y

1

dx=4y+1

Find the gradient of x = (1 + 2y)3 wheny =1

dy

m

dx
— = 6(1 + 2y)?

dy 1

dx 6(1+2y)?2
B 1 1
6(1+2)2 54
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Worked Example

Find the gradient of:
x=(1+2y)>wheny=1 x = (3y?—-2)*at(1,-1)
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Worked Example

Find d—ywhen:
dx
x=2y°+y

x =3yt —y% -1
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2019 P1 Q14

14. The curve C, in the standard Cartesian plane, is defined by the equation
X =4sin2y Zeye=
4 7 4

The curve C passes through the origin O

(a) Find the value of d—‘ at the origin.

(b) (1) Use the small angle approximation for sin2y to find an equation linking x and y
for points close to the origin.

(i1) Explain the relationship between the answers to (a) and (b)(i).

(2)
(c) Show that, for all points (x, y) lying on C,
dy _ 1
dx  ayb-x*
where a and b are constants to be found.
3)
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Your Turn

14.

The curve C. in the standard Cartesian plane. is defined by the equation

x=9sin2y ~Edy<
4

=y

The curve C passes through the origin O

(a) Find the value of 9 at the origin.
dx

2

(b) (1) Use the small angle approximation for sin 2y to find an equation linking x and y for
points close to the origin.

(i1) Explain the relationship between the answers to part (a) and part (b)(i).

2
(¢) Show that, for all points (x. y) lying on C.
dy = 1
dx b—x*
where a and b are constants to be found.
3)

(Total for Question 14 is 7 marks)
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2019 P2 Q11

11.

Y A

A 4

Figure 8
Figure 8 shows a sketch of the curve C with equation y =x*, x > 0
(a) Find, by firstly taking logarithms, the x coordinate of the turning point of C.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(5]
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Your Turn

A 4

O
Figure 8
Figure 8 shows a sketch of the curve C with equation
y=x% x>0.

(a) Find, by firstly taking logarithms, the x coordinate of the turning point of C.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

©)
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9.4) The product rule

As mentioned previously, the product rule is used, unsurprisingly, when we have a product of two functions.

The product rule:

da dv du
Ify = uvthen= =u—4v=—
dx dx dx

Orsimply: vy ' =uv' +vu’

. . d
If y = x? sin x, determine d—i’

2 ] Write outu =
u’ = 2x U’ COS X differentiate each.
dy .
— = x?cosx + 2xsinx .
dx \ Sub into

product rule.

If y = xe?¥, determine the coordinates of the turning point.
u=x v=e?¥
u'=1 v =2e%

d
& axer e =
dx
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Notes
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Worked Example

Differentiate with respect to x:

y = e3* sin* 2x f(x) = e** cos3 4x
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Worked Example

Determine the coordinates of the turning point:
y = xe3* f(x) = xe?*
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Worked Example

Differentiate with respect to x:

y = x*\V/5x — 2
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Worked Example

Find the equation of the tangent to the curve with equation y = x? sin(x?) at the point (

where a, b and ¢ are exact constants.

VT mV2

2’ 8

)intheformax+by+c=0
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Worked Example

Differentiate with respect to x:
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2019 P1 Q12

12.

f(x)=10e"* sinx, x>0

(a) Show that the x coordinates of the turning points of the curve with equation y = f(x)
satisfy the equation tanx = 4

)
Figure 3 shows a sketch of part of the curve with equation y = f(x).
(b) Sketch the graph of H against r where
H(7) = |10e** sint| 120
showing the long-term behaviour of this curve.
(2)

The function H(r) is used to model the height, in metres, of a ball above the ground
t seconds after it has been kicked.

Using this model, find

(c) the maximum height of the ball above the ground between the first and second bounce.

3)

(d) Explain why this model should not be used to predict the time of each bounce.

(1)

VAN

o

Vi

Figure 3
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Your Turn

12. fx) =127 siny,  x20

(@) Show that the x coordinates of the turning points of the curve with equation y = f{x) satisfy
the equation tan x = 3

(O]
v oA
0 x
Figure 3
Figure 3 shows a sketch of part of the curve with equation y = f (x).
(5) Sketch the graph of / against f where
H@)=112¢7sinr| 120
showing the long-term behaviour of this curve.
@
The function H(7) 1s used to model the height, in metres, of a ball above the ground ¢ seconds

after it has been kicked.
Using this model, find

(¢) the maximum height of the ball above the ground between the first and second bounce.
3

(d) Explain why this model should not be used to predict the time of each bounce.
@

(Tatal far Nnactian 17 ic 1M1 markc)
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2020 P1 Q9

Figure 2 shows a sketch of the curve C with equation y = f(x) where
f(x)=4(x-2)e™ xeR

(a) Show that f'(x)=8(2 +x— ,\':)c =

3)
(b) Hence find, in simplest form, the exact coordinates of the stationary points of C.
3)
The function g and the function h are defined by
g(x) =2f(x) xeR
h(x)=2f(x)-3 x>0
(c) Find (1) therangeof g
(i1) the range of h
3)

Ya

O

Figure 2
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Your Turn

-
»
>

‘r\
e
\\
=Y

Figure 2
Figure 2 shows a sketch of the curve C with equation y = f(x) where

f) =9(*-6)e ™ xelR

(a) Show that f'(x) = 18(6 + x— ¥)e

(b) Hence find, in simplest form, the exact coordinates of the stationary points of C.

The function g and the function h are defined by

g(x) = 2f(x) xeR

h(x) = 2f(x) - 2 x=0

(o) Find (i) the range of g,

(ii) the range of h.

@3)

3)

3)

(Total for Question 9 is 9 marks)
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9.5) The quotient rule

The quotient rule:

_ vu'—uv’

d
Ifyz%thend—z—

2
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Worked Example

597h: Use the quotient rule with
simple functions.

Given that

2sin (z)
In (z)

find ﬂ
dx
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Worked Example

Find the stationary point of

COS X

Y = eSx,O<x<7T
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Worked Example

Find the equation of the tangent to the curve y = 67

2%
4

at the point (4, % e)
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2021 P1 Q14

14. Given that

show that

where A4 is a constant to be found.

x—4 0
X >
2 ++Jx 3
: 0
s
AVx -

4)
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Your Turn

14.

Given that

show that

where A is a constant to be found.

x=16

x>0

4)

(Taotal for Ouestion 14 is 4 marks)
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