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9.6) Differentiating trigonometric functions

LEARN:
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9.6) Differentiating trigonometric functions

You are given:
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Worked Example
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Differentiate with respect to 𝑥:
𝑦 = tanସ 2𝑥 𝑦 = cotସ 2𝑥

T.248: Q 1-3 ,P.74: Q1-2



Worked Example
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Differentiate with respect to 𝑥:

𝑦 =
𝑐𝑜𝑠𝑒𝑐 3𝑥

𝑥ଷ

T.248: Q 4-7 ,P.74: Q3-7



Worked Example
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Given that 𝑥 = cot 𝑦, express ௗ௬

ௗ௫
in terms of 𝑥.



Worked Example
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Differentiate with respect to 𝑥:
𝑦 = arc𝑐𝑜𝑠 𝑥                                                               𝑦 = arctan 𝑥



Worked Example
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Differentiate with respect to 𝑥:
𝑦 = arc𝑐𝑜𝑠 𝑥ସ                                                            𝑦 = arctan 𝑥ଷ



Worked Example
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Given that 𝑥 = cosec 3𝑦, find ௗ௬

ௗ௫
in terms of 𝑥



Worked Example
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Given that 𝑦 = arctan
ଵା௫

ଵି௫
, find ௗ௬

ௗ௫

T.248: Q 8+ ,P.74: Q8



9.7) Parametric differentiation
Recall from the previous chapter that parametric equations are when we define each of 𝑥 and 𝑦 (and possibly 𝑧) in terms of some 
separate parameter, e.g. 𝑡.

*this will give you a function in terms of parameter t

To find the gradient at a specific point you will need to substitute in a t value
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If 𝑥 and 𝑦 are given as functions of a parameter 𝑡, then
ௗ௬

ௗ௫
=

ௗ௬/ௗ௧

ௗ௫/ௗ௧
= ௗ௬

ௗ௧
×

ௗ௧

ௗ௫



Worked Example
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Find the gradient at the point 𝑃 where 𝑡 = 3, on the curve given parametrically by
𝑥 = 𝑡ଶ − 𝑡,      𝑦 = tସ − 2, t ∈ ℝ

T.251: Q 1 ,P.75: Q1



Worked Example
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Find the equation of the tangent at the point where 𝑡 =
గ

଺
, to the curve with parametric equations 

𝑥 = 5 sin 2𝑡 , 𝑦 = 8 cosଶ 𝑡 , 0 ≤ 𝑡 ≤ 𝜋



Worked Example
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Find the equation of the normal at the point where 𝜃 =
గ

ଷ
, to the curve with parametric equations 

𝑥 = 2 cos 𝜃 , 𝑦 = 7 sin 𝜃

T.251: Q2+  ,P.75: Q2+



2021 P2 Q13
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Your Turn
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2022 P2 Q16
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Your Turn
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9.8) Implicit differentiation
This is used when a function is not written with 𝑦 as the subject, e.g. 𝑦 = 𝑓(𝑥) (i.e. 𝑦 explicitly in terms of 𝑥)
For example, a circle equation : 𝑥ଶ + 𝑦ଶ = 1

Key things to know: when you differentiate implicitly:

1. All the differentiation rules still apply whether the variable is 𝑥 or 𝑦
2. HOWEVER, if you differentiate 𝑦 with respect to 𝑥, you must multiply the result 
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Notes
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Worked Example
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Find ௗ௬

ௗ௫
where:

𝑥ସ − 𝑥 + 𝑦ଶ − 3𝑦 = 5

T.255: Q 1-3 ,P.76: Q1-3



Worked Example
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Find ௗ௬

ௗ௫
at the point (1, 1), given that:

6𝑥ଶ𝑦 −
4𝑥

𝑦ଶ
= 2



Worked Example
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A curve is described by:
𝑥ଷ + 4𝑦ଶ = −12𝑥𝑦

Find the gradient of the curve at the points where 𝑥 = 8



Worked Example
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𝑥ଶ + 𝑦ଶ + 20𝑥 + 4𝑦 − 8𝑥𝑦 = −75

Find the values of 𝑦 for which ௗ௬

ௗ௫
= 0

T.255: Q  4-6,P.76: Q4-7



Worked Example

Page 170

A curve has equation
𝑥ଶ + 4𝑥𝑦 + 𝑦ଶ − 𝑥 = 35

Find the equation of the tangent to the curve at the point (2, 3).
Give your answer in the form 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, where 𝑎, 𝑏 and 𝑐 are integers



Worked Example
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T.256: Q  7+6,P.76: Q8



2020 P1 Q15
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Your Turn
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2021 P2 Q8
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Your Turn
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9.9) Using second derivatives
Using the second derivative:
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In Year 12 you may remember that a point of inflection was where the concavity of 
a curve changes, i.e. concave to convex or vice versa, or informally, ‘swerving one 
way to swerving the other’.

We say the curve is concave when it 
is swerving right: we can see the 
gradient is always decreasing, i.e. the 
change in the gradient is negative.

𝑓(𝑥) concave when 𝑓ᇱᇱ 𝑥 ≤ 0

At point of inflection, the 
gradient is not changing, i.e. 
the gradient of the gradient is 
0. Note that points of inflection 
(as with this example) are not 
necessarily stationary points.

Point of inflection when 𝑓ᇱᇱ 𝑥 = 0

In this region the gradient, although initially 
negative, is still also increasing. The curve is 
swerving left. 

𝑓(𝑥) convex when 
𝑓ᇱᇱ 𝑥 ≥ 0

Memorisation tip: Mentally 
visualise a positive cubic (i.e. 
uphill) and put ‘concave’ and 
‘convex is alphabetical order.



Full Summary
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Worked Example

Page 188

Show that the function is convex for all real values of 𝑥:
𝑓 𝑥 = 𝑒ଷ௫ + 𝑥ଶ                                                         𝑔 𝑥 = 𝑒ସ௫ + 𝑥ସ

T.259: Q  1-2, P.77: Q1-2



Worked Example
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Determine if there is a point of inflection on the curve with equation 𝑦 = 𝑥 − 3 ସ



Worked Example

Page 192

A curve C has equation

𝑦 =
1

4
𝑥ଶ ln 𝑥 − 3𝑥 + 7, 𝑥 > 0

Find where C is convex

T.259: Q  3+, P.77: Q3+



2021 P2 Q5
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Your Turn
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9.10) Rates of change
This is an application of the chain rule as follows:

1. Given a context where multiple (usually three) variables are related, use the chain rule to relate one rate of change to 
another

2. Rate often refers to /(time)  i.e. ௗ

ௗ௧
, unless otherwise stated

3. Be careful with units!

Examples:
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Chain ruleScenario
Air is pumped into a spherical balloon. 

Temperature depends on radius

Volume of a shape with respect to radius



Notes
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Worked Example
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T.263: Q 1-5, P.77: Q1-4



Worked Example
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Atmospheric pressure decreases as altitude increases. The rate at which atmospheric pressure decreases is proportional 
to the current air pressure. Write down a differential equation for the rate of change of the atmospheric pressure. 



Worked Example
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A metal bar is heated from a starting temperature. It is noted that the rate of gain of temperature of the metal bar is 
proportional to the difference between the temperature of the metal bar and its surroundings. Write a differential equation to 
represent this situation.



Worked Example
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Determine the rate of change of the area 𝐴 of a circle when the radius 𝑟 = 7cm, given that the radius is 
changing at a rate of 4 𝑐𝑚 𝑠ିଵ.



Worked Example

Page 207

A cube is expanding uniformly as it is heated. At time 𝑡 seconds, the length of each edge is 𝑥 cm and the 
volume of the cube is 𝑉 𝑐𝑚ଷ.
Given that the volume increases at a constant rate of 0.024 𝑐𝑚ଷ 𝑠ିଵ, find the rate of increase of the total 
surface area of the cube in 𝑐𝑚ଶ 𝑠ିଵ when 𝑥 = 4



Worked Example

Page 209

A right circular cylindrical metal rod is expanding as it is heated. After 𝑡 seconds the radius of the rod is 𝑥 cm 
and the length of the rod is 5𝑥 cm. The cross-sectional area of the rod is increasing at the constant rate of 
0.016 𝑐𝑚ଶ 𝑠ିଵ. Find the rate of increase of the volume of the rod when 𝑥 = 4

T.263: Q 6+, P.78: Q5+



2022 P1 Q15
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Your Turn
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Extract from Formulae book
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Past Paper Questions
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Past paper practice by 
topic.  Both new and old 
specification can be 
found via this link on 
hgsmaths.com 



Summary of Key Points
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T.265: mixed ex ,P79: BSG Qs


