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Prior knowledge check

1 Prior knowledge check
1 Sketch the graph of y = sin x for
-180° = x = 180°. Use your sketch to
solve, for the given interval, the equations:
a sinx=038 b sinx=-0.4
« Year 1, Chapter 10

“_-lll‘u"““ il | |
' ;

=tan x S v S W
Trigonometric functions can be used to
model oscillations and resonance in bridges.
3 Find all the solutions in the interval You will use the functions in this chapter
0 = x = 27 to the equation 3 sin?(2x) = 1. together with differentiation and integration
« Section 5.5 in chapters 9 and 12.

2 Prove that — - -
sinx cosx tanx

« Year 1, Chapter 10
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6.1) Secant, cosecant and cotangent

Sketches

To draw a graph of y = cosec x, start with a graph of y = sin x, then consider what happens
when we reciprocate each y value.

Reciprocal Trigonometric Functions

( ) brackets not required

/ here but can be used

/ 1 Short for “secant” g‘r
sec(x) = —— It touches S
COS (x) here because =y & cosec isn't
the reciprocal 4 4 defined for y = cosec x
of 1is 1. multiples of i
1 1 / because we can't
Short for “cosecant” / divide by 0. We
COSEC(X) — —2 = get an asymptote.
sin(x) , ;
- > > X
| I, 3
- Tt - Jr
1 2
COS (x ) Short for “cotangent”
cot(x) = ——— or —— -1 !
tan(x) SID(X) Domain: x € R,x # *m, +2m, ...
Tip: To remember these, look at . =4 Range: f(x)<1lorf(x)=1
- - s the 3™ letter: sec’s 3" is ‘¢’ so Reciprocating :
We typically use this version instead it’s 1 over cos preserves sign. When
of —— when doing proof questions. we divide by a small
tanx positive number, we

get a very large
positive number.
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Notes
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6.2) Graphs of secx, cosec x and cotx

® The graph of y = sec x, x € R, has symmetry in the y-axis and has period 360° or 27 radians.
It has vertical asymptotes at all the values of x for which cos x = 0.

y=secx
m The domain can also be given as
-450°  -270°  -90° 90° 270°  450° 2n+1)w
5’-— 3'l— + I7) + 35._ 5%_ : XER x# ( > ) ~, nez
i i E "2 2 z 73 ; . )
: ; P-1q 8 ' : Z is the symbol used for integers, i.e.
: ' : : positive and negative whole numbers
: : ! including 0.

* The domain of y =sec xis x € &, x #90°, 270°, 450°,... or any odd multiple of 90°
* Inradians thedomainisx ER, x = %’ 3?", ST"
* Therangeof y=secxisy=-lory=1

... or any odd multiple of g

® The graph of y = cosec x, x € [, has period 360° or 27 radians. It has vertical asymptotes at
all the values of x for which sin x = 0.

¥ =COoSec x
:U: 1. ‘U: :\
; : 14 ; :

-360°  -180° 180° 360°

=27 - 0 03 2}.-. X
1

+ The domain of y = cosec x is x € R, x # 0°, 180°, 360°,... or any multiple of 180°
+* Inradians the domainis x € R, x # 0, 7, 27,... or any multiple of =
+ Therangeof y=cosecxisy=-lory=1

@ The domain can also be given as

XER x=znm,nel.

the values of x for which tan x = 0.

y=cotx

The domain of y = cotxis x € &, x = 0°, 180°,
360°,... or any multiple of 180°

In radians the domainis x € R, x 20, 7, 27,...
or any multiple of =

Therangeof y =cotxisy €ER

® The graph of y = cot x, x € &, has period 180° or 7 radians. It has vertical asymptotes at all

w The domain can also be given as

xeR x=znmnel

Page 15




Worked Example

Sketch the graphin the interval =27 < x < 2m:

y = cosec (x + %)

[
y = cot(x — §)
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Worked Example

Sketch the graph in the interval —2n < x < 2m:

y = 2cosec x

y = 3cotx
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Worked Example

Sketch the graphin the interval 0 < x < 2m:
y = 6 + cosec 4x

y =cot3x —5
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Worked Example

State the range of:
y=cosecx,x ERx#*nn,ne€lk

y=cotx,x ERx #nm,neZ
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Worked Example

Find the range of values of k for which 2 + 7 secx = k has Find the range of values of k for which 3 cosecx — 5=k

no solutions.

has no solutions
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Worked Example

Find the maximum and minimum of the graph, stating the smallest positive values of 8 at which they occur:
1

2+ 3secH

y:

1.148 6B: Qs -+, P43 6.2: Qs6+
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6.3) Using secx, cosec x and cotx

Using sec, cosec, cot - proving identities

Questions in the exam usually come in two types: (a) ‘prove’ questions requiring to
prove some identity and (b) ‘solve’ questions.

Tip 1: Get everything in

terms of sin and cos first

(using cotx = === rather
sin x

—)

tan x

than cotx =

Tip 2: Whenever you have algebraic fractions being
added/subtracted, whether % + % or % + ¢, combine them

into one (as we can typically then use sin? x + cos? x = 1)
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Worked Example

Simplify:

sin @ cos @ (cosec 8 —secB)

Simplify:

cos 0 tan 6 cosecf
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Worked Example

Prove that:

tan @ sec 6

sec? 0 + cosec? 0

= sin3 0
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Worked Example

Prove that:
cosecx — sinx = cosxcotx
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Worked Example

Prove that:
(1+sinx)(secx —tanx) = cosx
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Worked Example

Solvein theinterval 0 < 6 < 2m: Solveintheinterval 0 < 6 < 2m:
cosec 8 =1 cotd =3
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Worked Example

Solvein theinterval 0 < 6 < 2m:
cosec B = 2

Solvein theinterval 0 < 0 < 2m:
cotfd = —3
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Worked Example

Solvein theinterval 0 < 0 < 27 Solve intheinterval 0 < 0 < 2m:
cosec 8 =0 cotd =0
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Worked Example

Solve in the interval —180° < 6 < 180°;
cosec O = —\/2

Solve in the interval —180° < 6 < 180°;

cotd = —/3
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Worked Example

Solve in the interval 0° < 8 < 360°;
1 —tanx

1 —cotx
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2020 P1 Q12

12. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

cosec — sinfl = cosfcotd 0+ (180n)° neZ
3)
(b) Hence, or otherwise, solve for 0 < x < 180°
cosecx — sinx = cosxcot(3x — 50°)
(5)
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Your Turn

12. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

sec  — cos 0 = sin ftan 0+ (180n)° nelZ
(3)
(b) Hence, or otherwise, solve for 0 < x< 360°
sec x — cos x = sin xtan (2x — 30°)
(%

(Total for Question 12 is 8 marks)
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6.4) Trigonometric identities

2

sin®x + cos?x =1

There are just two new identities you need to know:

Dividing by cos? x: 1 + tan? x = sec? x
Dividing by sin“ x: cCot“ x = cosec“ x
“Prove that 1 + tan? x = sec? x.”

sin’x + cos?x =1

sin2 x COSZ x 1 Fro Tip: This has been asked

+ = in an exam before! You must
COS2 X COS2 X COS2 X explicitly show each term
2 being divided by cos® x.

tan’x + 1 =sec?x

Fro Tip: | used to
misremember this as
“1 4 sec? x = tan? x”.
Then | imagined the
Queen coming back
from holiday, saying
“One istanned”, i.e. the
1 goes with the tan® x .

Fro Tip: | remember this
one by starting with the
above, and slapping ‘co’
on front of each trig
function.
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Worked Example

Prove that:
cosec? @ — sin? 0 = cos? 0 (1 + cosec? 9)
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Worked Example

Prove that:

sec*9 —tan* 0 =

1 + sin 6

1 —sin2 46
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Worked Example

GiventhattanA = — % and angle A is obtuse, find the exact values of sec A and sin A
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Worked Example

: 3 : :
Given that cos A = < and angle A is reflex, find the exact values of tan A and cosec A
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Worked Example

Given that x = cosec @ + cot 8, express in its

simplest form:

5 1
X +—2+2
X
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6.5) Inverse trigonometric functions

m The inverse function of sin x is called arcsin x.

y = arcsinx

r\.»|-_t-__
5

] 0

Pt o
-y

e The domain of y = arcsin x is -

e The range of y = arcsinx is -

m The sin~! function on your

calculator will give principal
values in the same range as
arcsin.

l1sx=<l1.

. 'y .
= arcsin x < — or —90° =< arcsin x < 90°.

m The inverse function of cos x is called arccos x.

VA

¥ = arccos x

_1 () 1 X

® The inverse function of tan x is called arctan x.

y=arctanx

e The domain of y = arctan x is x € R.

m Unlike arcsin x and

arccos x, the function arctan x is
defined for all real values of x.

e Therangeof y = arctanxis —; =arctanx = : or -90° = arctan x =< 90°,

e Thedomainof y=arccosxis-1=sx=<1.

e The range of y = arccos x is 0 =< arccos x =< 7 or 0° < arccos x < 180°.
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Graphs

Fully label:
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Worked Example

Work out, in radians, the values of:

a) arcsin (\/75)

b) arccos(1)

¢) arctan(—v3)
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Worked Example

Giventhaty = arcsinx,—1<x <1land0 <y <,
a) Expressarccos x in terms of y
b) Hence evaluate arcsin x — arccos x
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Worked Example

Prove that for 0 < x < 1, arcsinx = arccos V1 — x? and give a reason why this result is not true for

—1<x<0
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Extract from Formulae book

Trigonometric identities
sin(4 = B) =sin 4 cosB = cosA4 sinB
cos(A4A = B) = cosA cosB FsinAd sinB

tan 4 + tan B

tan(4 = B) = AxB#(k+ 2
| Ftan Atan B N
sinA4 + sinB = 2sin g cos = ; -
sinA4 —sinB = 2cos e sin e
2 2
cosA + cosB = 2cos A+8 cos 4 ; B
cosA —cosB = -2sin A+B sin 2 ; o

Small angle approximations

sind = @
.
cosf@=1- i
2
tand = 8

where @ is measured in radians
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Past Paper Questions

A2 2020 Paper 1

Trig - sec, cosec, cot

12. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

cosec — sinf = cosfcot

(b) Hence, or otherwise, solve for 0 < x < 180°

6+ (180n)° nelZ

cosecx — sinx = cosx cot(3x — 50°)

3)

Exams

@
&]’ e Formula Booklet

 Past Papers
s Practice Papers

« past paper Qs by topic

Past paper practice by
topic. Both new and old
specification can be
found via this link on

hgsmaths.com
(g wyLge)
(€]
Deqneez %= 30, BI 359
=112 W1 e
W20 cor‘.t:591(31720n)a'L+|g()n:3':.720n W1 31
£=32 VI rip
€O % =001(34—20,) = % =3%-200 W1 e
= €02 %O % = €02 %cOf (T4 -0, )
®) €026¢% — 21 . = €0z 4oL (34— 20,)
(3)
2wy Y
:m:cm“xcm%:mz“cu(g * Vs 31
2 2 g
0260~ 2y = == —emgy= = I 31
2IQ
5@ 219162 OL nz6z CORGE Yy = = Bl I'S
(nezpon 2epewc NILEZ wO?

Page 75




Summary of Key Points

& The graph of y = cotx, x = K has period 180° or 7 radians. It has vertical asymptotes at all the

Summary of key points values of x for which tanx =0

1

. b= ol + The domain of p = cotwisx & B x £ 0%
e (undefined far values of x for which cosx = 0) : ] ; 180°, 360° ... or any multiple of 180°.
+ COSECY = -—_1—— (undefined for values of x for which sin x =0) : : /I radians tne Flomaln sy e x#0m2m
5in x : 5 ... or any multiple of =.
- S - i o 1F + The range of y=cotx is y = B
tolx = n {undefined for values-of x for which tanax=0) S AN o\ 3a0e ge ol >
cos —fo - L¥] ;jl 'y X
T i - ;
5iM % : |
The graph of y = secx, ¥ & H, has symmetry in the y-axis and has period 360° or 2 radians, \
It has vertical asymptotes at all the values of x for which cosx = 0. ’ :
=l « The domainef y =secxis x € [, 5 secx=kand cosecx =& have no solutions for -1<k <1,
v ; i : - ' o o : -
! : ! ! 1 CaE ?D  &70% 4507, ... of any odd 6 You can use the identity sin® x + cos® x = 1 to prove the following identities:
\ ; ! t ! multiple of 90°, ;
i i ' i « 1 +tanix=seciy
_ i ; | | : + In radians the domain is v'e &, « 1+ cot? ¥ = cosect x
o] : o !-r : y ; .l 'JT ._3_'1,1- gl'.'\' r Odd |u | ,:.‘
—4?'0 ‘2:"0 _t;;a ';':f" E:FEF "'5:0” it o T I QFany Mmuitipie T The inverse Function of sin x is called aresin x. Z 1= BICsin.y
-%_ 437"" - 0 Z JT' 5—; i of + Thedomainof y=arcsinxis -1 = x=1
; i gl . : 2 5 -
i ; ! o : ; : + The range of y = arcsinx Is —% =arcsiny = 50
; : : | : + Therangeof y=secxisy=-laoryp= L —~50° = arcsinx = 90°
: : ;i ] : =
-1
The graph of y = cosecx, x £ [}, has period 360° or 27 radlans. It has vertical asymptotes at all
the values of x for which sinx = 0. ¥
8 The inverse function of cos x is called arccos x. -"
3 = UL X « The domain of y = cosec x Is x £ [, e ARl ST e e o
: A ; : x 7 0% 180°, 360" ... or any multiple of R : =t
i i H 180", « The range of y'= arccos x s 0 = arccos.x = 7 or ;
; : . . 0° = arccos x = 180° 2 y = BrCeos s
: 14 : : + In radians the domain isx € [, x #£0,x, ;
Al —qage o> 360° 2, .., or any multiple of =
+ t t ; -1 1
‘2:5 wd a ol E:“ . « The range of y =cosecxisy=-lar
_I' : E }I B 1' i d Va
, : 9 The inverse function of tan x is called arctan . S ey R

+ The domain of vy =arctan v is v € |

+ The range of y = arctan x is —; = arctan x = ; —‘J” W
or =907 < arctan .y < 90° = T amramenenaas

[
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